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Synthesis of Epicyclic Gear Trains 
Using the Velocity Ratio Spectrum 


For a simple epicyclic train, the controlling element is almost invariably fixed, i.e., 
prevented from rotating by being connected, in some way, to the frame. Such trains 
are easy to synthesize because there are a limited number of variations of the three basic 
elements and, normally, six equations will define all possible velocity ratios. For a 
compound epicyclic train, the number of equations is considerably increased. 

A method of synthesizing compound epicyclic trains is developed using the concept 
of a velocity ratio spectrum. To facilitate the application of this concept, only one 
train in a compound epicyclic train is regarded as basic; all others are considered as 
merely serving the purpose of modifying the motion of the controlling element in the 


basic train. 


Introduction 


HERE IS LITTLE LITERATURE to guide anyone who 
has to design an epicyclic train to satisfy some given conditions. 
With gear trains, as with other mechanisms, it is normally true 
that synthesis presents more problems than analysis and, apart 
from the fact that there is rarely a unique solution, the method of 
approach usually has to sacrifice some elegance for the sake of 
expedience. 

In this present discussion, consideration will only be given to 
trains having annular or ring wheels but the treatment itself is 
general and could be altered to suit other types of epicyclic gear 
train. Consider Fig. 1 which shows diagrammatically a simple 
epicyclic gear train consisting of an annular or ring wheel, A, a 
earrier C for the planet wheels (of which P is one), and a sun 
wheel, S. Let the ratio (number of teeth on A/ number of teeth 
on 8) = R. Then a tabular solution may be effected for tnis 
train (see Table 1) where the capital letters refer to numbers of 
teeth on the corresponding wheels. Any one of the three ele- 


Contributed by the Machine Design Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29—December 4, 
1959, of THe AMeRiIcAN Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
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of the Society. Manuscript received at ASME Headquarters, March 
13, 1959. Paper No. 59—A-22. 


ments, sun wheel, carrier, or annular wheel, may be fixed or may 
be the driving element thus giving a total of 6 fundamental veloc- 
ity ratios. 

The theoretical limits of R are unity and infinity but, in prac- 
tice, the extreme values are very unlikely to exceed the limits 1.8 
and 11. If these limiting values are substituted into the expres- 
sions for the six velocity ratios, they will determine the practical 
range of velocity ratio for each type of train. The results of this 
are shown in Table 2. (The designation referred to in the table 
is merely a convenient way of indicating the driving, driven, and 
fixed elements in that order.) 

The figures in the last two columns of Table 2 are shown 
graphically in Fig. 2 which may be termed ‘the velocity ratio 
spectrum.” It will be noted that, although the theoretical 
ranges cover the whole of the spectrum from — ~ to +, the 
practical ranges are such as to leave several ‘‘dead zones’’ in the 
spectrum, i.e., velocity ratios for which a simple epicyclic train 
cannot be designed. Five of these zones occur between velocity 
ratios of approximately —2 and +3; in this range, an ordinary 


Table 1 
Operation A 
Fix C and give A + 1 rev +1 
0 
a 


Cc S 

0 —-A/S=-R 
Fix A, i.e., line (1) — 1 —1 —(1 + R) 
Fix §, ie., line (1) + R 1 } eae 0 
THEORETICAL RANGES OF VR. 


CAS 





} 


CSA] | 








Fig.1 A simple epicyclic gear train 


Element 


Driving Driven Fixed tion 
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ASC CSA CAS ACS 


PRACTICAL RANGES OF VR 
Fig. 2 The velocity ratio spectrum showing the theoretical and practical ranges for each 
type_of train 
Table 2 


Velocity 
ratio 


Designa- Range of velocity ratio 
Theoretical Practical 
SAC —R —11.00 to —1.8 
ASC —1/R —0.56 to —0.09 
CSA 1/1l+R ; 
CAS R/Al\+R : * 
ACS /R 

SCA 1+R 
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fixed carrier train could be employed. ‘The other two dead zones 
are for positive and negative velocity ratios of approximately 10 
to infinity; again, use could be made of a type of train known to 
lend itself to high velocity ratios (one such type is discussed 
later). 

As a simple example, suppose that a train having a single 
velocity ratio of 3.5 were required. Inspection of the velocity ra- 
tio spectrum shows that an SCA train is needed, the velocity 
ratio for which is 1 + R,i.e.,1 + R = 3.5, R = 2.5 say 60/24 for 
A/S; furthermore, the designation SCA means that the sun wheel 
is the driving element, the carrier is the driven element, and the 
annular wheel is stationary. 

It should be borne in mind, however, that if more than one 
planet pinion is used to improve the balance of the carrier as- 
sembly, then there are certain condition~ regarding tooth num- 
bers which have to be complied with in order to permit the gear 
train to be assembled. This appears to have been pointed out 
first by Plint! and, more recently, by Benford.? 


The Concept of a Compound Epicyclic Train 


Now consider the train shown in Fig. 1 under “‘free’’ conditions, 
i.e., with none of the elements fixed.* The equation giving the 
relationship between the various angular velocities is most easily 
derived from the fact that the speeds of the sun wheel and an- 
nular wheel relative to the carrier are in the inverse ratio of their 
numbers of teeth, i.e., 


speed of sun wheel relative to carrier 





speed of annular wheel relative to carrier 
N, -N, 
N,-N, 


or N, — N, = R(N, — N,) (1) 


From this, the ratio of any two speeds may be deduced; as an 
example, the ratio of the speed of the sun wheel to that of the 
carrier may be found as follows: 

Dividing equation (1) by N,, 


(2) 


This is the generalized velocity ratio equation for a train in 
which the sun wheel is the input and the carrier the output; it 
will be noted that this velocity ratio is not independent of the 
output speed (N,) except in the special case of N, = 0, in which 
event, 


Ne =1+R 
ste ‘ 


in accordance with the result quoted in Table 2 for an SCA type 
of train. 

Fig. 3 shows the velocity ratio (N,/N,) as a function of (N,/N,) 
for several discrete values of R within the practical range of 1.8 
toll. Although the curves of Fig. 3 satisfy equation (2), they do 
not represent the only way in which the information of equation 

1M. A. Plint, ‘Designing Epicyclic Gear Trains for Equal Planet 
Pinion Spacing,”’ Machinery (London), vol. 79, pp. 727-728. 

2? R.L. Benford, ‘‘Numerical Rules for Designing Planetary Gears,”’ 
Machine Design, August 21, 1958, pp. 129-135. 

3 It is preferable now to stop using the term ‘fixed element” and to 


adopt the designation “input element, output element, and third 
element.” 
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Fig. 3. The relationship between N,/N. and N./N. for an SCA type of 
train 


(2) may be presented; to be more precise, Fig. 3 is in a form which 
may be useful for synthesizing trains having the sun wheel as the 
input and the carrier as the output but it is ill-suited to the syn- 
thesis of the other five types of train. 

This need for six sets of curves and the tedium of interpolating 
for nonplotted values of R, together with the simplicity of equa- 
tion (1), means that an analytical approach is to be preferred to a 
graphical one. Hence, the main virtue of Fig. 3 is to illustrate 
the considerable effect on (N,/N,) which can be achieved by 
driving the annular wheel instead of fixing it. It will be noted 
that, within the range of (V,/N,) = 0 to 1.2, the variation in 
(N,/N,) is much greater for the higher values of R. 

So far, the discussion has been largely academic and no con- 
sideration has been given to the question of how the third ele- 
ment should be driven. Clearly, the third element could be driven 
from an external source (constant or variable speed) for one of two 
main reasons: 


(a) To obtain, from an epicyclic gear train, a velocity ratio 
within one of the dead zones; for example, the normally unob- 
tainable velocity ratio of 2 may be achieved with an SCA type 
of train, by driving the annular wheel at a speed 


-—1 
N,= “et -N,, where RF has its usual meaning. 


(b) To obtain an infinitely variable velocity ratio within some 
given range. In either of these cases, the chances that a non- 
epicyclic type of train would be more practical are fairly high. 


However, if the third element is driven from within the train 
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Fig. 4 Diagrammatic representation showing how a second train may 
drive the annular wheel of the first train 
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Fig. 5 Block diagram showing a generalized double-compound train 
and how the two ratios are derived 


itself, a more interesting situation is perceived. Evidently, the 
third element can only be driven from either the input element or 
the output element; furthermore, the required speed of the third 
element will not, in general, be equal to either the input or output 
speeds and hence, a second gear train will be required to transform 
the speed derived from the first, or basic, train to that required 
for the third element. This is shown diagrammatically in Fig. 4 
for an SCA type of train and in Fig. 5 for a generalized system. 

The introduction of such a second train is justifiable if a two- 
speed gear-box is required, the two velocity ratios being obtained 
by fixing the third element of (a) the first train and (b) the second 
train. Such a train may be called a compound epicyclic train or, 
more specifically, a double compound epicyclic train since it has 
two constituent simple trains. In this paper, the first train will 
be referred to as the basic train and the second (and any further) 
trains as modifying trains. 

It should be stressed that the foregoing description has been 
given because it is the basis of the present approach to the syn- 
thesis of compound epicyclic trains; there may well be other 
approaches. 


Synthesis of Compound Epicyelic Trains 


Consider now the case of a train which is to be designed to give 
velocity ratios of +4 and +3, the numbers being chosen thus 
merely to simplify arithmetical working. 

The first, or basic, train may be allotted either the +3 or the 
+4 ratio. Taking, say, the +4 ratio, the velocity ratio spectrum 
shows that an SCA type of train is needed, i.e., the sun wheel is 
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the input, the carrier the output, and the annulus the fixed ele- 
ment. From Table 2, the velocity ratio of an SCA type of train 
is (1 + R) and hence, if R, be the specific value of R for the first 
train, 

1+ R; = 4or R, = 3 


In practice, S; and C, must remain the input and output ele- 
ments (or, at least, coupled to these elements) and hence, having 
determined a specific value for R, (with the annulus fixed), the 
train shown in Fig. 4 can only now give a different velocity ratio 
(in this instance +3) if A; is driven at a speed determined by 
equation (1). Since the tooth numbers have not been altered, R; 
still has the value 3, 

ie., Na — Na = 3(Na — Nai) 
Dividing by Na and writing Nu/Na = 3 (this being the desired 
ratio) 


3—1 = 311 — Na /Na) 


Na 
Va =3 (3) 

If A; were driven, by any means, at one third the speed of C, 
then the desired ratio of 3 would be obtained. As discussed pre- 
viously, the input to train 2 may be derived from either the input 
or output of train 1 as represented diagrammatically in Fig. 4. 
The output of train 2 is used to drive the annular wheel of train 1. 

Thus a second train is needed such that its output will cause 
A; to rotate at one third of the speed of C, (and hence one ninth 
of the speed of §;). 

Case 1. Taking the Input to Train 2 From the Output of Train 1. 
The output of train 1 (C,) now provides the input to train 2 and 
the output of train 2 drives A; thus modifying the motion. The 
velocity ratio of train 2 is thus given by Na/Na, which from 
equation (3) has the value 3. This requires an SCA type of train 
(see Table 2) whose velocity ratio is given by 1 + R-.1+ RR, = 
3 or R, = 2. 

To determine the two couplings between trains 1 and 2, we 
know that, as train 2 is of type SCA, the sun wheel 8, is the input 
and the carrier C, the output. Therefore, S, is coupled to C, (the 
output of train 1) and C; is coupled to A;. This train is shown 
diagrammatically in Fig. 6(a). 

Case 2. Taking the Input to Train 2 From the Input of Train 1. 
The input to train 2 is now derived from 8, (the input of train 1) 
but the output of train 2 still drives A;. Thus the velocity ratio 
of the second train must now be: 











R28 Ri 3 
(a) (b) 
Fig.6 Diagrammatic representation of a compound train to give velocity 


ratios of +4 and +3, the basic train giving the +4 ratio. The input for 
the second train is taken from (a) the output and (b) tre input of train 1. 


R,23 Ry, 22 
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Table 3 


Operation A, & 
Fix carrier +1 -3 
Line (1) X 2 +2 -6 
Line (2) — 2, i.e., A; fixed 0 -8 
Line (3) — 1,i.e., A: fixed -—1 —9 


CQ, 8S. CC 
0 —2 0 
0 ‘ 0 +2 

—2 —2 0 

—3 0 -3 -!I 


No. 


Operation 


Fix carrier I 
Line (I) + 2 II 


The coupled elements (A: and C2; Ci and Ss) having been brought to the same numbers of 
revolutions in lines 2 and II, it is no longer necessary to consider the two halves of the table 
separately and the remarks in the left-hand table apply to all 6 columns. 


i 8% 


= 
Ss; S, |C, 
OUT 
+4 
2 


R, = R,=2 R,=8 = R, =2 
(a) (b) 


Fig. 7 The same case as shown in Fig. 6 but with the basic train giving 
the +3 ratio 











{[Na/Na from equation (3); Na/Na is the desired velocity 
ratio, 3.] 

A velocity ratio of 9 requires an SCA type of train, whose tooth 
ratio R,’ = 8(q.v., Table 2). This designation shows that 8,’ is 
the input and must be coupled to S; (the input of train 1); also 
that C2’ is the output and must be coupled to Aj. 
shown in Fig. 6(b). 


This train is 
It should be noted that R,’ = 8 is rather high 


and, given suitable alternatives, would possibly be rejected. It’ 


should also be remembered that there are still the two trains for 
which the +3 ratio is taken for the basic train. Synthesis in these 
cases, leads to the solutions shown in Figs. 7(a and b). 

Table 3 is the analysis for the train in Fig. 4(a), thus providing 
a check on the synthesis done previously. 

Similar tables may be drawn up to show that the other syn- 
theses are correct. 


A Case Where One of the Velocity Ratios Lies Within a 
Dead Zone 

Consider the case of a double-compound epicyclic train which 
is to be designed to give ratios of +1.5 and —1.0. Since the 
— 1.0 ratio lies in a dead zone, there is no longer an arbitrary choice 
of ratio for the basic train. 

This basic train, to give a velocity ratio of +1.5, must be an 
ACS type of train and the tooth ratio R, is given by 

1+ R, 
R, 


= 1.5,ie., Ri = 2 


In this type of train, the input element is the annular wheel (Aj), 
the output is the carrier (C,), and the sun wheel (§;) is fixed. 
To enable this train to give a velocity ratio of —1, the sun wheel 
must be driven at a speed N,; such that 
Na — Na = RNa — Na) = 2(Na — Nai) 
Dividing throughout by Va 


eer ) = %1-(-1))=4 
Na N Sei ti 
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Fig. 8 Diagrammatic repr tati 
velocity ratio within a dead zone 


YR, =4 





d train to give one 


. the speed of S; must be five times the speed of C;. 

Taking the input to train 2 from the output of train 1 (C,), we 
require a velocity ratio = (N./Na). From equation (4) this 
has a value of 0.2; this necessitates a CSA type of train, for 
which the velocity ratio is 1/(1 + R). 


vee : = 0.2 and R, = 4. 

1+ R, 

Since the input of the second train is the carrier, the two carriers 
are coupled together. The other coupling is from the output of 
the second train (S,) to the sun wheel of the first train, the com- 
plete train being as shown in Fig. 8. 

Thus, in this case, the presence of a ratio in the dead zone is no 
obstacle to synthesis of the train. In general, this will be true 
and cases where one ratio in a dead zone prevents synthesis may 
be regarded as exceptional. 


Application to a Multispeed Box 


One of the best-known applications of multispeed epicyclic 
gear boxes is to the automobile (sometimes known then as pre- 
selector boxes), the common arrangement being three or four for- 
ward gears and one reverse gear. Since it is customary to obtain 
top gear by direct drive, i.e., by “locking”? the whole train, a 
four-speed box consists, in effect, of only three epicyclic trains 
for forward gears plus one additional train for the reverse gear. 

To illustrate the method of synthesis which has been described 
previously in the paper consider a gear-box in which velocity 
ratios of +4, +2.5, +1.43, and —5 are required. The stages in 
the synthesis are: 


(1) The velocity ratio of +4: 


This is the basic train and, by consulting Table 2, it is seen that an 
SCA type of train is needed; further the velocity ratio is given 
by (1 + R) so that the tooth ratio for the first train, R,, must 
satisfy 


1+R =4 or R, = 3. 


The sun wheel §, is the input, the carrier C, the output, and the 
annular wheel A, is fixed for this ratio. 
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Fig.9 Diagrammatic representation of an automobile type of multispeed 
gear box giving ratios of +4, +2.5, +1.43, and —5 








(2) The velocity ratio +2.5: 


It is now required that the velocity ratio Nu/Na be +2.5, to 
achieve which, the annular wheel A; must rotate at a speed given 
by 

Na — Na = 3(Na — Na) (5) 


If we drive the second train from the input of the first train, the 
required velocity ratio for the second train is given by Na/Na. 
Dividing equation (5) by Nu 


1 Na es 3 ( Na Nav 
Na Sh Na Nu 


and since Na/N. is the reciprocal of the required velocity ratio, 


we may write 
Na 
1-04 =3(o4- 2#) 
N al 


giving Na/Ny = 0.2. Thus, Va/Na = 5 


which is the required ratio for the second train. Hence this is 
also an SCA type of train in which 1 + R, = 5or R; = 4. 

The input element of the second train is the sun wheel 8, which 
is thus coupled to§,. The output is the carrier C, and this should 
be coupled to the annular wheel A; (see Fig. 9). 


(3) The velocity ratio +1.43: 


Since the basic train has not been altered physically, equation (5) 
must still be true, but we now require that Nu/Na = +1.43. 
Dividing equation (5) by Nu, 


Na Z N el Na 
aes (+ xe) 


Substituting Na/Na = 1/1.43 = 0.7 


Na 
OF =  y qe 


a) 


Na Na 10 
———— 0. Pe ee ee 1.67 
a ae 


giving 
Thus we require the second train to give a velocity ratio of 

+1.67; since it has already been designed to give a velocity ratio 

of +5 (with A, fixed), it can only give a ratio of +1.67 if Ag is 

driven, by a third train, at a speed Naz given by the basic equa- 

tion for a “free” train, i.e., equation (1) with R = R, = 5. 
This leads to the equation: 
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Na — Ne = Na — Naa). (6) 


Let us take the input for this third train from the output of the 
second train, i.e., the carrier C;. Then, dividing equation (6) by 


Ne 
Na Na 
—“—-1=5|(1-—— 
Nea ( me) 


and since we desire that Ny2/Na = 1.67 


Na _! 


a4 43 
Na 6 


giving Ne 


Thus, by Table 2, the third train must be an ACS type of train, 


R 
the velocity ratio for which is ) in terms of the tooth 


ratio. Calling this tooth ratio R; for the third train, 


1+ Rs; 


Rs = 1.2 or 


R, = 5. 


The couplings are: 


A; (input of train 3) to C, (output of train 2) and C; (output of 
train 3) to Az (the previously fixed element of train 2). These 
are shown in Fig. 9. 


(4) The velocity ratio —5: 


It is assumed that this fourth ratio, since it is not a forward gear, 
will be obtained by modifying the motion of the basic train 
directly and not via the second and third trains. 

Once again, equation (5) must hold but we now require that 
Na/Na = —5. Dividing equation (5) by Na, 


Na N al 
——-—]l= be 
Na . ( Na ) 


oe Na 
giving =3 or 

Na 

We now need a fourth train which will derive its motion from 
the output of the first train (C,) and modify it so that A; is driven 
at three times the speed of C, i.e., we require a train whose 
velocity ratio is 1/3 = 0.33. For this a CSA type of train is 
needed and its tooth ratio R, is given by 


1 1 


= — = 2 
ae eR 
The input element of the fourth train is C, (which is thus coupled 
to C,) and the output element is the sun wheel 8, (which must be 
coupled to A;). 

The complete train is shown diagrammatically in Fig. 9. 


Cases Where the Required Velocity Ratio Is Numerically 
Greater Than 8 


As has been seen, a double compound epicyclic train can be 
synthesized theoretically in four ways. In practice, one or more 
of these may be impossible of achievement because of the gaps in 
the velocity ratio spectrum. Normally, of course, one solution is 
suitable but if a high ratio has to be dealt with, the best type of 
train is that shown in Fig. 10, which is really a special case of a 
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P,; and P, 
Ai 
a2 


No. Operation S: 
1 Fix C,and give+1lrev — Ar 
to A; S: 


Fix Si, ie., line (1) + 1+ 5 P, re = 


Ai/Si. 


double compound train in which C, and C, are common and 

either A, or S2 is omitted (in Fig. 10, it is Az which is omitted). 
Table 4 gives the solution for this train and, evidently, with 

either A; or C; as input and 8, as output, the velocity ratio for S, 

fixed has, as its denominator, the speed of Sy, i.e., 

Ay AiP2 Ai 


— — —— = —— (P8, — PS 
S: P,S, PSs, | - : s 


y = 
Ne = 


The term in brackets can, theoretically, be made to tend to zero 
thus giving a velocity ratio which tends to infinity. In practice, 
of course, there are limitations, the principal of which is the fact 
that the number of teeth on a wheel must be an integer. The 
difference term in the denominator (referred to above) is rather 
deceptive in the form quoted since only three of the four parame- 
ters are independent and it is probably better to combine this 
difference with the geometrical condition 


8+P=8& +P. 
P,S, _, PS, = P,(S; + P, a P2) a P.S, 
= (Pi — P2)(Si + Pi). 


Hence, as the difference in the numbers of teeth on P; and P, 
diminishes, the velocity ratio increases. 


to give 
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‘Fig. 10 Diagrammatic representation 
of a type of epicyclic gear train 
suitable for high velocity ratios 

















Conclusion 


The object in formulating this paper was twofold; firstly, to 
give some conception of the working of a compound epicyclic gear 
train and, secondly, to provide a method of synthesis which would 
enable the design of such trains to be placed on a more rational 
basis. 

In the field of linkage mechanisms, Richard de Jonge has re- 
peatedly stressed the undue emphasis which has, in the past, 
been placed on analysis to the exclusion of synthesis. This is 
also true in the field of epicyclic gear trains but, in this case, it 
has also led to a state of almost complete ignorance regarding the 
way in which compound epicyclic gear trains work—a glance 
through several American and British standard textbooks 
failed to disclose any kind of explanation of the action of com- 
pound trains. 

The paper gives some account of the way in which compound 
epicyclic gear trains work and has proposed one method of syn- 
thesis for such trains. 
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General Description and Geometry 


BJECTIVES SOUGHT in the development of the Helix- 
form process were: 


1 To produce gears and pinions by a method which gives 
basically correct tooth bearings with conjugate tooth action 
within the practical limits of manufacturing tolerances and de- 
flections. 

2 To produce gears and pinions by a process which main- 
tains the depthwise taper of the teeth which is the established 
standard of design for spiral bevel and hypoid gears. 

3 To maintain the production advantages of the nongen- 
erated type of gear. 

4 In so far as heat-treatment distortions will allow, to elimi- 
nate empirical methods of obtaining desired tooth bearings. 

5 To achieve mathematical simplicity in both theory and 
calculation. 


When the gear is made without generation there are but two 
processes by which spiral bevel and hypoid gears have been pro- 
duced, using face-mill cutters, with teeth completely conjugate 
in the strictly mathematical sense. With one of these processes, 
the gear tooth surfaces are spherical concave and convex surfaces 
and the method is adaptable to teeth of tapering depth. The 
other uses conical gear teeth but, to obtain mathematical or abso- 
lute conjugacy, the many advantages of the tapering depth tooth 
must be relinquished. Neither of these processes, nor any process 
which produces completely conjugate teeth, is suitable for the 
production of practical gear pairs because without mismatch 
there could be no tolerances in manufacture or assembly, and 
consequently no adjustment and no accommodation to load and 
deflection. 

The Helixform process is a simple direct means of making gear 
pairs practically conjugate, that is, with the mismatch necessary 
to allow for tolerance and deflection. Tooth bearings are pro- 
duced at the initial cutting which are correctly shaped for the 
delivery of uniform motion. 

This is so because Helixform pinions are generated with 
machine set ups by which a face-mill cutter and machine cradle 
carrying the cutter represent the counterpart of the mating gear 


Contributed by the Machine Design Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29—-December 4, 
1959, of Tae American Socrety oF MECHANICAL ENGINEERS. 
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Helixform Bevel and Hypoid Gears 


The Helixform' process is a recent development in the art of gear cutting. Gears made 
by this method are classified as nongenerated which means that the workpiece remains at 
rest while the teeth are being cut. 
especially adapted to high production and accurate machining and is the method used to 
manufacture most automotive spiral bevel and hypoid gears. Pinions which match 
nongenerated gears are of course produced with generating motion, that is, the tools 
cutting the teeth of the pinion are mounted on a machine element which, while the teeth 
are being cut, turns in concord with the turning of the pinion on its axis. 


Cutting the gear without generation is a process 
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Fig. 1 
except for the difference in cutter curvature which provides the 
desired lengthwise mismatch. 

Most automotive gears are currently manufactured by the 
Formate! process which also produces gear sets that are prac- 
tically conjugate. However, with the Formate process which 
uses conical gear tooth surfaces, the method of obtaining prac- 
tical conjugacy is less direct. It involves substantial differences 
between the imaginary generating gear for the pinion and the 
mating gear itself. These differences are achieved by modification 
in the machine set up for the pinion. 

With the Helixform process, the surfaces of the gear teeth are 
basically involute helicoids. As such they are made up of 
straight line elements and are ruled, developable, synciastic sur- 
faces. Involute helicoidal gear tooth surfaces can also be 
thought of as being made up of an infinite series of helices in the 
longitudinal direction. With Helixform gears, the helices of the 
tooth surfaces are slightly inclined to the peripheral direction of 
the cutter by the lead angle X. This is illustrated in Fig. 1 which 
is a schematic representation of the gear tooth surface as seen 
from the center of the gear tooth space. M is the central or 
mean point where spiral angles and pressure angles are specified. 
M zis the root mean point and lies directly below M in a direction 
perpendicular to the face plane of the gear. The lead L of the 
helicoidal gear tooth surface is chosen so that the root helix is 
tangent to the root plane direction at point Mp. The straight 
line elements of the gear tooth surface are perpendicular to the 
trace of the gear face plane with the drawing plane. 

Fig. 2 is a three-dimensional representation of the involute 


‘ helicoidal gear tooth surface and the conical surface which is the 


surface of the cutter used to generate the mating pinion. The 
straight dotted lines represent the straight line elements of the 
conical pinion cutter and adjacent to each is shown a straight line 
element of the gear tooth surface. 


1 Registered trade mark. 
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The horizontal plane shown is considered to pass through the 
mean point M parallel to the face plane of the gear and the root 
plane of the pinion. The element h-p is near the inner end 
of the gear teeth while the element h’'-p’ is near the outer end 
of the gear teeth. A helix such as p-p’ at the bottom of the 
gear teeth is tangent to the root plane of the gear at the middle 
of the teeth. 

The involute helicoidal surface h-h’-p’-p intersects plane 
P in curve h-p-h’ which is an involute of a circle. Plane P 
is perpendicular to the axis of the helicoid and point p’ near the 
outer tooth end has a greater negative elevation from P than 
point p which is at the inner end of the teeth. 

The conical surface of the pinion cutter c-c’-e’-e intersects plane 
P in the circle c-c’. The axis of the pinion cutter is usually parallel 
to the axis of the helicoid and perpendicular to plane P. 

At the middle of the tooth, the element of the pinion cutter 
cone coincides with the element of the involute helicoid. At the 
ends there is shown the separation between the surfaces which is 
required for lengthwise mismatch. 


Cutting the Helixform Gear Tooth Surface 

The helicoidal gear tooth is produced by face-mill cutters such 
as shown in Fig. 3. Indexing of the work is done when a gap in 
the cutter is in a position to permit the work to be turned on its 


axis. The index gap of the cutter usually includes three biade 
pitches, and the cutters contain both outside cutting blades and 
inside cutting blades alternately spaced. A concave tooth sur- 
face and a convex tooth surface which are the two sides of the 
tooth slot are finished with each turn of the cutter. As each blade 
of the Helixform cutter passes through the tooth slot, the cutter 
is advanced axially and then returned before entry of the subse- 
quent blade. The cutters producing the gear tooth surface thus 
have combined rotational and reciprocating motion. The re- 
ciprocating motion which is a function of the rotation can be 
represented by the following equation during the cutting portion 
of the cycle 


X = LK@ (1) 


X = axial position of cutter spindle 

L lead of helicoid 

K constant 

6 angle through which spindle is rotated 
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Fig. 3 Helixform gear finishing cutter 


It can be seen from equation (1) that the velocity of the axial 
motion is uniform and equal to the constant LK. A straight 
cutting edge lying in a plane tangent to the base cylinder, as shown 
in Fig. 4, sweeps out an involute helicoid when given this type of 
motion. The involute curve illustrated in Fig. 4 which is the in- 
tersection of the involute helicoid and the plane of rotation of the 
cutter can be considered to unwind from the base circle shown. 
The axis of the cutter is, of course, the axis of the helicoid and the 
axis of the base circle and the base cylinders. 

The base cylinders for the two sides of the teeth are slightly 
different in diameter and the involute curves unwind from them 
in opposite directions. 


Cutting the Pinion Tooth Surface 


The Gleason 116 Generator and the 106 Generator are used to 
finish Helixform pinions. With these machines the cradle carry- 
ing the cutter represents the mating gear. A tilting cutter spindle 
and swiveling housing permit the conical pinion cutter to be 
positioned in space so that it is tangent to the imaginary mating 
gear surface at the middle of the teoth exactly as illustrated in 
Fig. 2. The axis of the pinion cutter is usually parallel to the axis 
of the involute helicoidal gear tooth surfaces. 
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Fig. 4 Involute base cylinder and principal normal plane 


The pinion is usually placed in space in exactly the position it 
would occupy if it were to mesh with the imaginary mating gear. 
The cradle and workpiece are turned about their respective axes 
with uniform velocities proportional to the numbers of teeth. 

Since the straight line element of the pinion cutter cone coin- 
cides with the straight line element of the gear tooth surface at 
the middle of the face, the pinion teeth are free from bias and 
except for the lengthwise mismatch are conjugate to the gear 
teeth. The gear and pinion are thus practically conjugate. 


Mathematics and Machine Setup 


The basic mathematics of machine setup and surface curva- 
ture of the involute helicoid is found in the Appendix. The funda- 
mental co-ordinates of the cutters relative to the gear and pinion 
are shown. From the fundamental cutter co-ordinates, the actual 
machine setup may be derived. 


Design of Blanks for Helixform Cutting 


Blanks used for Helixform cutting are exactly the same as 
those designed for the Formate process. Spiral angles and pres- 
sure angles are maintained very close to the corresponding values 
for Formate gears. 


Helixform Tooth Bearings 


The customary and very practical way of judging the contact 
of gear teeth is by observing the tooth bearing, which is the pat- 
tern produced in a marking compound on the tooth surfaces when 
the gears run together. In order to accurately interpret these 
patterns it is necessary to understand something about how they 
are produced. 

Fully conjugate gear teeth contact at any instant along an 
oblique line of contact which moves across the surfaces as rotation 
progresses. Under load, of course, a line of contact spreads out to 
become a band of finite width, but its direction is substantially 
unchanged. Under very light load with a marking compound the 
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line of contact can be observed, and also appears to have a finite 
width, due chiefly to the grain size of the marking material; as 
rotation progresses the marking progresses across the entire mesh- 
ing areas, and we see a ‘‘full tooth bearing.” 

If the teeth of one member of this conjugate pair are modified 
so that the surface is unchanged along a specified line but is 
eased-off in a continuous manner on each side of this line, we have 
“singly mismatched”’ teeth. Correct motion will continue to be 
transmitted by point contact, the point moving along the unal- 
tered line in the tooth surface. The contact mark which ap- 
pears on the tooth will not however be a point, but an elongated 
ellipse with its major axis substantially in the direction of the 
original lines of contact. The dimensions of such a contact mark 
may be estimated by assuming that marking will fade out when 
the theoretical separation between the surfaces exceeds 0.00025 
in. 

Fig. 7 illustrates two cases of singly mismatched teeth. In 
one case the path of the contact points is essentially along the 
profile; the contact marks are shown as dotted ellipses, and the 
tooth bearing is the summation of these marks and is seen to be 
‘‘square.”’ This condition results naturally from the Helixform 
method, since the cutters used for cutting the gear and for generat- 
ing the pinion have a common element. 

In the right-hand part of Fig. 7 is seen a case where the path of 
contact, and hence the entire tooth bearing, is inclined. This con- 
dition is known as “‘bias.’’ Control of bias comes naturally with 
the Helixform. method. 

It is also of great importance to observe the tooth bearing when 
contact occurs near the tooth ends. A square central bearing is 
in itself no guarantee that a good contact will be obtained when 
mounting errors or applied loads cause the contact to shift to heel 
or toe. It is customary therefore to run the gears with slightly 
altered shaft offset (V) and pinion axial position (H) in such com- 
bination that the bearing can be observed near the tooth ends. 
The amount of displacement required is a measure of the amount 
of mismatch, and the V/H ratio is an indication of the kind of ad- 
justability it provides. 

Helixform pairs show a square bearing at toe and heel under the 
V-and-H check, both as calculated and as seen on the testing 
machine. There is however a difference in length of bearing from 
toe to heel, the heel bearing being ordinarily the shorter. This 
difference is caused by the changing curvature of the involute 
helicoid as shown in Fig. 2, and can be compensated if desired by 
using a nonuniform lead on the gear as previously mentioned. 
Fig. 8 shows the relative lengths of the bearings at toe and heel 
before and after modification. The desired relationship for a 
particular installation depends largely on the nature of the de- 
flections under load, and it is seldom sufficient to simply compen- 
sate for the theoretical third-order component of the involute. 

It has been found that the bearings at toe and heel are not only 
square but that motion transmission remains uniform, even 
though the gears are actually being operated substantially out of 
their correct position. A typical extreme rotational error is 
0.00005 in.; and this is of such a nature as to simply constitute a 
minute amount of profile mismatch. 


The Helixform Gear Finishing Machine 


Gears are finished on the Gleason No. 112 Hypoid Helixform 
Gear Finisher, which is shown in Fig. 5. The cutter head as- 
sembly of this machine is illustrated in Fig. 6. A stroke cam 
transmits axial motion to the cutter spindle by means of an ad- 
justable hardened steel guide plate which can be set to deliver 
from 0 to 58 per cent of the cam motion. 

The work head and cutter head are mounted on a combination 
of ways to permit both vertical and horizontal adjustments with 
respect to one another. The work head can also be rotated about 
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Fig. 5 No. 112 Helixform gear finisher 
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Fig. 6 Cutter head mechanism 


a vertical axis to make a root angle setting. Hydraulic clamps 
automatically lock this head to the frame when it is in the cutting 
position. 

Rapid indexing of the work is accomplished by using a plate- 
type indexing mechanism having a modified Geneva driver. The 
work spindle is unclamped before the beginning of the index cycle 
by a cam-actuated hydraulic system. Immediately after com- 
pletion of the index cycle the spindle is again clamped to insure 
maximum rigidity during cutting and to reduce forces transmitted 
to the index mechanism. 


Helixform Gear Roughing 


A companion machine to the gear finishing machine roughs 
gears in a manner similar to Formate gear roughing. The cutter 
consists of alternate side and bottom cutting blades and is fed by 
a cam motion in the direction of the cutter axis until the full depth 
position is reached. Since gear roughing can be done at speeds 
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that are comparable to gear finishing, the combination of a rough- 

ing and finishing machine readily lends itself to automation. 
A rigid machine construction combined with a large volume of 

coolant flow through pipes directed behind and in front of the 


area of cutting help to increase production capacity as much as 
50 per cent. 

















Helixform Pinion Roughing 


Pinions are roughed by the ratio change method with which 
the convex side of the teeth are cut on the up roll and the concave 
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side on the down roll. An automatic set-over mechanism in the 
pinion roughing machine changes the ratio of roll between the 
convex and concave sides which produces the secondary taper 
effect of a change of generating pressure angle. This method is 
especially effective with the Helixform process since bias is 
initially removed in the gear and it is therefore now possible to 
rough pinions close to the finished tooth surface. 


Helixform Gear Finishing Cutter 


The angular pitch of the blades of the ten-stroke cutter shown 
in Fig. 3 is 36 deg. There are four inside and four outside blades 
with the remaining space being used as the index gap through 
which the gear blank is rotated. The blades are stepped in both 
the radial and axial direction to take a precalculated chip load. 

Helixform gear cutters are sharpened in the conventional 
manner with only aside rake angle. The cutter blade surface and 
sharpening plane intersect to form the cutting edge necessary to 
produce the involute helicoid. The difference between the radius 
of curvature of the involute helicoid in the axial and normal sec- 
tions is very small. A typical 9-in. OD automotive gear cut with 
a 9-in. diameter cutter having 28-deg outside blade and 10-deg 
inside blade pressure angles requires a lead of about 2.5 inch. 
Equation (70) of the Appendix shows that the radius of curvature 
for the axial section of the drive side is 65 < 10‘ inches while the 
coast side is 11 X 10? inches. The curvature of the helicoida] 
surface is therefore insensitive to small errors in cutter sharpening. 

Inserted blade Helixform gear cutters have large blade shanks 
which are bolted in ground slots around the periphery of a thick 
cutter head. A center clamping screw is used to secure the cutter 
on the spindle and to eject the cutter evenly and rapidly when 
used with an ejectio’. plate. 


Helixform Stroke Cam 


The stroke cam is designed with two lead and return paths (Fig. 
6) and rotates five times for each revolution of the cutter. The 
proportion of lead to return path is approximately 3 to 1 which 
means that the maximum angular face width of the gear which can 
be cut is about 27 deg. Since the stroke cam has a timed rela- 
tionship with the cutter, one lead path is always used to cut the 
coast side of the gear and the other lead path the drive side. 
This is an important feature of the cam design if it is decided to 
modify one or the other lead path to suit individual axle deflec- 
tions and hardening distortions. 

The involute of a circle, which is the intersection of the gear 
tooth surface and plane perpendicular to the cutter axis, is 
shown in Figs. 2and 4. The conical cutter surface, which cuts the 
mating pinion tooth, intersects the reference plane in a circle 
which is tangent to the involute curve at the middle of the tooth. 
Since the radius of curvature of the involute changes lengthwise 
along the curve it is apparent that the tooth bearing will be longer 
at the toe end than at the heel. Should it be desirable to change 
the radius of curvature at the toe and heel to equalize the bearing 
lengths or to make the heel bearing longer than the toe bearing, 
then the stroke cam path must be modified. This can be done 
by the addition of a third-order change. The equation of the 
cutter axial motion would then become 


X = LK@ + LKi@ (2) 


The slope of this curve becomes the same as the slope of the curve 
of equation (1) when @ = 0. This means that when the modifica- 
tion is small the central bearing at 6 = 0 would remain un- 
changed. 

Modified and unmodified tooth bearings are described in a 
prior section. 

The third-order change can be made on either the drive or 
coast sides, or both, depending on the requirements of a par- 


Journal of Engineering for Industry 


ticular job. It has been found by trial that only two or three dif- 
ferent cam modifications are sufficient to suit the range of gears 
which the machine can cut. 


Conclusion 


The Helixform method of producing gears is flexible in that 
it permits any of the conventional modifications in tooth shape 
necessary to compensate for heat-treatment and mounting de- 
flections under load. Because of the mathematical correctness 
these modifications can be made without introducing undesirable 
secondary effects. Bearings remain substantially square whether 
placed at the toe or heel, permitting greater adjustment toler- 
ances. 

Gear finishing methods such as burnishing and lapping are 
readily adapted to Helixform gears. Burnishing gears are easily 
developed and because they can be made conjugate to the pinion, 
produce a completely burnished pinion tooth surface. The in- 
volute helicoid tooth surface of the gear is lapped by conventional 
lapping methods and usually requires less lapping time because 
of the exactness of the soft tooth-bearing development. 

Helixform gears cut on the new Helixform Gear Finishing 
Machine combine the practical advantages of the involute heli- 
coid tooth surface with increased production to et gears of 
higher quality at decreased costs. 





Fig. 9 


APPENDIX 
Symbols and Notation 


The relationships which follow are treated in vector and matrix 
notation; the co-ordinate system used has right-handed orienta- 
tion and is shown in Fig. 9. 

In Fig. 9, 7, j, & are unit vectors in the directions of the positive 
x, y, and z-axes. The “‘bar’’ superimposed will always designate 
a vector quantity. Thus J is a vector. 

V = dit + drj + dak, where dh, de, ds are the scalar magnitudes 
of the components of 7 in the 7, j,A-directions. 

When convenient the vector V will also be written in row 
matrix form 


v= (di, d,, ds) 


Omission of the bar will indicate a scalar quantity, thus V is 
the magnitude of vector 7, and so on. 


Mathematics 
The following equations give the basic machine setup for the 
gear and for the concave side of the pinion. See glossary for 
definitions of terms and symbols. 
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Spiral Ang!e and Pressure Angle of Gear Referred to Face Plane of 
Gear. The angle between the face plane and the root plane of the 
gear, is 

6 = To = I, (3) 

A unit vector in the direction of the normal to the convex gear 
tooth surface, treating the gear as a conventional Formate 
gear is 

7, = (—cos dz sin Wp, cos dz cos Wr, sin dp) (4) 

The vector 7; is shown in Fig. 9. The plane of iy is the gear 
root plane. Plane of tk is an axial plane of the gear, a view of 
which is shown in Fig. 10. 

For reference to the face plane, a transformation must be made 
to obtain the co-ordinates of unit vector 72 which is the unit vector 
normal to the tooth surface referred to face plane co-ordinates 
7, = (—cos dp sin Pp, 

cos6 60. sin 6 
cos dp cos Wp, sin dp) 0 1 0 (5) 
—sind 0 cosd 
The pressure angle @, with reference to the face plane is given 
by 
sin @; = 72°k (6) 
The spiral angle W, referred to the face plane is given by 
—Fy-i . 
tan Y, = —— (7) 
72 3 

The angle ag is the difference between gear face angle and gear 

pitch angle 
ag=T-Ti (8) 
The distance bg), from mean point of reference M to the gear 
root plane may be obtained from the equation 
i, ; ly = h . Is 
See Figs. 10 and 11, where 
i, = sin 67 + cos 5k 


(see Fig. 10) (9) 


(10a) 
ly = bg sin agi + bg cos agk (106) 


bs = boyk (10c) 
A plane through the root mean point M, parallel to the gear 
face plane is taken as a plane of reference. See Figs. 12 and 10. 
The point of intersection of this datum plane and the gear axis 
is taken as a co-ordinate center for machine setup. 
The magnitude Ag of vector Ag may be obtained from the 
equation (Ag + k)-) = R 
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Fig. 11 








Fig. 13 


where = sin It + cos Mok. 


bom 
tan Ty 


Equations (6) and (7) yield two values of @, and ,, a set of 
values for the convex gear tooth surface and another set 
of values for the concave tooth surface treating the gear as a 
Formate gear. Fig. 13 shows the normal to the convex gear 
tooth surface N; and the normal to the concave tooth surface 2. 
The plane of 7, j is parallel to the gear face plane. Lines X; and 
X, are the projections of the normals to the face plane and are in- 
clined to the positive direction of the j-axis by angles Y,p and Wc, 
respectively. The line X is inclined to the j-axis by the angle Py, 
where Wy = '/xWy;p + Wyc). The plane Pi, determined by X 
and k, contains the axis of the Helixform cutter. Usually, the axis 
of the Helixform gear cutter is inclined to k by an angle Adg as 
illustrated in Fig. 15. We thus produce a Helixform gear close 
to the equivalent Formate gear in pressure angle and spiral angle 
at the mean point. 

Machine Setup for Gear. The axial pressure angle of the heli- 
coidal tooth sides are somewhat arbitrarily chosen and are desig- 
nated by @,. These axial pressure angles are referred to the plane 
of rotation of the cutter, that is, to the plane perpendicular to the 
axis of the helicoid. Angle Adgg is given by the equation, 


Ada = $. — 9; (13) 
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Fig. 15 


The axial pressure angle of the helicoid referred to the face 
plane is then 


¢,” si ?, TH Ade 
In Fig. 24, page 11, the datum plane through M, is the plane 


of 7 and j and the plane of i and & contains the cutter axis. 
We may write the radius vector of the cutter as 


(see Fig. 14) (14) 


7 = (—r, 0, 0) (15) 


the and vector from M,» to 0 as 
Ag = (—Ag sin Vy, —Ag cos Py, 0) (16) 
A unit vector in the direction of the gear axis is 
% = (cos Ip sin Py, cos I'y cos Py, sin Io) (17) 


Since the cutter axis is inclined to k by A@g we apply a rota- 
tional matrix to get 
x’ = (cos ly sin Py, : 
cos A¢dg 0 —sin dAg 
cos I'y cos Wy, sin I'o) 0 1 0 
sin Adg 0 cos Adg 


(18) 
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and 
Ag = (—Ag sin vu, 
cos Ag, 0 —sin Ady 
—Ag cos Py, 0) 0 1 0 
sin Adg 0 cos Ady 


(19) 


If AX, is a vector in the direction of 2’, then 


A, = Ag — AXy:2' (20) 


If AXy is of magnitude sufficient to make vector A, lie in plane 
of 7 and j, then the k component of 4, = 0 whence 
—Ag sin Vu sin Ads 


AXy = — 
“ ” cos To sin Py sin Adg — sin Io cos Ady 





(21) 


The projection of the gear axis to the 7 and j-plane is inclined to 
j by ¥, where 
RT 
tan ¥, = 5 
The inclination I’, of vector %’ to the plane of 7 and j is given 
by 


sin Ty = 2/-k (23) 


The angle of inclination of the gear axis to the plane perpen- 
dicular to the cutter axis is the angle yy. This is a machine 
setting known as the machine root angle. 

The vectors 7 and A, are coplanar since 7 always lies in plane 
of t and j. 

In Fig. 25 if the co-ordinate center be taken at Oy, the radius 
vector to the cutter center is 5 where 

h =F- A, = (b;, be, bs) (24) 


In the machine setup the axis of the work must lie in the plane 
of 7 and & so we apply a rotational matrix to get 
sin, —cosy, 0 

S’ = (bi, be, bs)[ cos¥, siny, 0 

0 0 1 


(25) 


whence the horizontal co-ordinate in the number 112 machine is 
H = §'% (26) 


and the vertical co-ordinate is 
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(27) 
In Fig. 18 is shown an axial view of the gear and in Fig. 19 are 
shown the vector relationships. 
The line O-M is the trace of a plane parallel to the face plane 
through Mp. 
Z, is the distance along the gear axis from the pitch apex O’ 
to the point O. 
From vector diagram 19, 
; = Vi cos Tz = Vi sin Lk 
Ag = Ag cos Ty + Ag sin Tok 
bow = —beu sin Tot + beu cos Tok 
2,225 


Vi. + Ag + bey + Z, = 0 


(28) 
(29) 
(30) 
(31) 
(32) 
These equations and equation (12) yield 


R 


bem 
Z, =RetnT 
as senate! tan Ty 


sin Ty 7) 


Z, is the distance along the gear axis from the pitch apex to 
the intersection of the datum plane. 
The basic machine settings for the gear are 


horizontal 

vertical 

machine root angle 
machine center to back 


where 
Xy = mounting distance of gear + Z — Z, + AXy (34) 


Lead and Surface Curvature Relationships. Fig. 14 shows an axial 
section of the gear cutter in the plane P,, the plane of zk, Fig. 13. 

The points of intersection m, and m, of the gear cutter and a 
plane through M parallel to the face plane are at distance w from 
M where, 


W, cos Adg 
rc Mia 
9) 


- 


W 
+ (vow = — sin Ade) tan ¢,” (35) 


The distances of points m, and m,; from the center of the cutter 
point width measured in a radial direction are 


Ar = w cos Adg + bem sin Adg (36) 


Fig. 15, also, shows plane P;. The unit vector 4 is 
parallel to the gear cutter axis and lies in plane P;. The angle be- 
tween unit vector 7; and unit vector k is Adg. 

The unit vector J, is collinear with the intersection of plane P; 
and the plane of 7 and 7. 


i; = 1; X hy. The magnitude t; is cos Adg. (37) 
If #; be taken as proportional to an infinitesimal peripheral 
movement of a point on the cutter blade, then, since this point 
has helical motion about the cutter axis, there is an axial advance 
related to the peripheral motion. 

If vector 7s represents the axial advance, the magnitude 
ts = t; tan X. (38) 

Since 7, and é; are collinear, 
is Xi = 0 (39) 
is = sin Adg sin Wi — sin Adg cos Pyj + cos Adgk (40) 


is = sin Pyt — cos Pyj (41) 
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If a, a2, a3 are the direction cosines of is, since 7; and 7s are op- 
posite and collinear, 


a = —sin Py sin Adg, az = cos Py sin Adg, 
as = —cos Adg (42) 
whence 


ik = 


—sin Wy, tan A sin Adg cos Adgi 
+ cos Wy tan A sin Adg cos Adgj — tan A cos*Adgk (43) 


L=i+h (44) 


and since the terminus of vector 7, must lie in a plane through j 
parallel to the root plane of the gear, we have 


—ly-k 


gt 


tan 6 = (45) 


which yields the equation 


tan 6 cos Py 


asa cos A¢g + tan 6 sin Wy sin Adg 





(46) 


The lead of the helicoid is taken as 
L = 2nr, tan X, (47) 
where r, = mean cutter radius. 

When the gear tooth surface is an involute helicoid it is of 
course ruled, developable, and has a parameter of distribution 
equal to zero. In Fig. 16 is shown an involute curve J lying in the 
plane of 7 and j which is perpendicular to the axis of the helicoid. 
The curve J may be considered the directrix of the involute 
helicoidal surface and the straight line elements of the surface 
intersect J at right angles and are inclined to & by -the normal 
pressure angle. 

The axis of the helicoid X,, lies in the plane of j and & and the 
plane of 7 and & is tangent to the cylinder of the helix at O. Unit 
vector J; is tangent to the helix while unit vector J; is tangent to 
the directrix J. Vector V3 is normal to both V; and V2 and is 
thus normal to the surface. 


V, = cos Ni + sin AK 
V2 = cos Bi — sin Bj 
B=72x, 


Va-k a tan B 
m6 a 


(48) 
(49) 
(50) 


tan @, = (51) 


If W is the angle between V; and V2 then 
cos W = V,-V2 = cos A cos B 
V3-k = V; sin On 


(52) 
(53) 


V; = sin W = V1 — cos? \ cos? B 
Equations (51) and (52) yield 


(54) 


tan @, = tan ¢, cos B (55) 


In Fig. 16, vector 7, = V3 X Ve lies in the principal direction 
of minimum principal curvature; that is, the vector V; is collinear 
with the straight line element of the surface at O. 

V2 is in the direction of maximum principal curvature. 

If the minimum principal radius of curvature is designated by 
Pq then the radius of curvature r; of the involute J is given by 
theorem of Meunier. 


Ty = pg cos >, 
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Fig. 17 


From Fig. 17 it is seen that r; = r cos B where r is the distance 
of the axis of the helicoid to point O. Hence 


(r, — Ar) cos B 


cos ¢, a 


Pe = 
Since 7, and 7; are unit vectors, an expression, for the vector 
V., which is collinear with the generatrix through O, may be 
written as 
= 0.x PD, (58) 
and the magnitude 
Vv, = V; = sinW (59) 
See Fig. 16. 
Vector J, lies in the tangent plane to the surface at O and also 
in the plane of j and &. Designating the vector 7; by 


Ye = aj 2 ask, (60) 
since V, is coplanar with V; and 9:2, the scalar triple product 
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Fig. 19 


Ax R= 

Since V; is a unit vector 
a,* + a;? = 1 
Equations (61) and (62) yield the equations 
ad, = sin g,; a; = cos ¢, 
which are the j and & components of unit vector 7. 
V; = 1 X Deis a unit vector normal to Vs 

From (51), (54), and (55) 


cos A sin B 


sin W = ad 


(65) 


The angle a between V; and J; is given by the equation 
V;-Vs = Vscosa@ = sin W cosa (66) 
which with (51) and (65) yields 


cos ce = COA L08 He 6 


cos , 


Likewise the angle W, between 7; and 7, may be determined 
from the equation 


sin W, = —V,-V2 = sin ¢, sin B (68) 


By the theorem of Euler, the radius of curvature in the plane 
of v; and V, is 
_ reos B 1 
* cos @, sin? WwW, 


r cos B 
cos @, sin? ¢, sin? B 





(69) 
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and by the theorem of Meunier the radius of curvature of the 
helicoidal surface in the axial section is 


r 


a (70) 
sin? d, cos d, tan? B 


Pp, = p,cosa = 

The Conical Pinion Cutter. Localized lengthwise tooth bearing is 
obtained by a mismatch in radius of curvature between pin- 
ion cutter and gear tooth surface. This is done by using a pinion 
cutter whose principal minimum radius of curvature for the drive 
side of the teeth is 


(71) 


Pp = Pg + Ap 
0.002 208 2 
where Ap = ——— (ss vs) 


cos Opp 


ee 79) 
BP ie 
This provides for a mean length of tooth bearing of BF/ 
(cos Wy). As shown in Fig. 2, the pinion cutter is tangent to the 
gear tooth surface at the middle of the face; separation at the 
ends of tooth bearing is 0.00025 in. 

Root-Plane Pressure Angle and Spiral Angle of Pinion. Fig. 20 
shows unit vector m: normal to the tooth surface. The 7, j-plane 
is perpendicular to the helicoidal axis and the cutter axis. It is 
required to find the inclination of the normal to the datum plane, 
parallel to the gear face piane through the point Mp 


nmi = (—cos ¢, sin B, cos ¢,, cos B, sin ¢,) 

Since the axis of the helicoid must be inclined to & by the angle 

A¢gg, the unit normal vector 72 referred to co-ordinates with 7 
and 7 lying in the afore-mentioned datum plane is given by 


(73) 


no = (—cos @, sin B, 
1 0 0 
cos @,, cos 8, sin d,)| 0 cos Adz —sin Ade 
0 sin Ade cos Adg 


(74) 


This permits the determination of the normal pressure angle 
opp of the helicoidal surface relative to the datum plane 


sin Opp = Nok 
pp is the root-plane pressure angle of the pinion. 
A further transformation of co-ordinates yields the vector 
ns=(—cos od» sin B, cos dn cos B, sin dn) 
1 0 0 cosWy sin Py O 
0 cos Adg -—sin Adg —sinWy cos Py 
0 sin Adg cos Ady 0 0 
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This again is the unit normal vector to the helicoidal surface re- 
ferred to co-ordinates in which the gear cutter axis lies in a plane 
containing & and the plane 7 j is the datum plane. 

The root plane spiral angle of the pinion {pp made by the pro- 
jection of the unit normal vector 7s to the datum plane is given 
by the equation 

tan Wrp = =a 
N3° J 

Machine Setup for the Pinion. In illustrations of gear cutting the 
setups shown are for a right-hand gear. The different orientation 
of the pinion cutter in Fig. 21 is because the mating pinion must 
be of opposite hand. The datum plane is iji, ik contains the 
gear axis. 

In Fig. 21, 


(77) 


vector S: = Agi + beyk 


w= 


(78) 
—w sin Pyi — w cos Pyj (79) 

S; = —ppcos Opp sin Wart — pp cos Ppp COS Wapj—Sin gpk (80) 
vector Sy = 5, + 04+ 5; (81) 


Fig. 22 is taken looking along the —i axis. The plane of j, & is 
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taken as the plane containing the pinion cutter axis and j is taken 
as being parallel to the datum plane through M. In Fig. 22 the 
dotted co-ordinate lines show a C.W. rotation of co-ordinates 
about the 7 axis of amount — A@p. 

The value of --Ad@p is equal in magnitude to A¢g when the 
pinion cutter axis is parallel to the gear cutter axis; it is also in 
the opposite direction from the angle Agg. 

Vector 5, is in the direction of a cone element of the pinion 
cutter cone through M. The plane through the terminus of S, 
perpendicular to & is parallel to the datum plane and at distance 
bp from M. The plane through the terminus 5, perpendicular to 
k’ contains the tips of the pinion cutter blades. 


5S, = —bp tan dppj + bpk 
1 0 0 


0 cos Adp —sin Adp 
0 sin Adp cos Adp 


hp = S3-k 


(82) 


Ss = (0, —bp tan opp, bp) (83) 








Fig. 23 is for the purpose of obtaining the distance U, along the 
pinion cutter axis from point K (which is the terminus of the 
normal vector 5;, see Fig. 21) to the plane containing the pinion 
cutter blade tips. The magnitude of vector S; is equal to the 
magnitude of vector 5;, Fig. 21. The plane through the terminus 
of vector hp perpendicular to & is the plane of the cutter blade 
tips. U, = —(Ss — h,)-k (84) 


where @, = blade angle and 
Ss = —pp cos $i — pp sin of 
b, = bk 
Returning to Fig. 21, the vector §, is of length U, 
5, = +U, sin Adp sin y,,t + U, sin Adp cos ¥,,j 
+ U,cos Adpk (87) 


(85) 
(86) 


The radius vector to the pinion cutter center is 
Sp = Sx +S, (88) 


A transformation must be made on this vector to refer it to a 
co-ordinate system with & parallel to the cradle axis. The cradle 
axis is collinear with gear axis. 


If from (88) Sp = Sit + Sy + Sih, (89) 
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after transformation 
snI, 0 eosTy 
(m, me, ms) = (Si, S2, S3) 0 1 0 


—cosTy 0 


(90) 
sin Ty 

The direction cosines of the unit vector X, (parallel to §, 
shown in Fig. 21) given by 
(—sin A@p sin Yy, — sin Adp cos fy, — cos Adp) 
0 eos Ty 
0 1 0 
0 sin Ty 


give the inclinations of the pinion cutter axis to the axes of the 
co-ordinate system. 


sin Ty 
(91) 
—cos I'y 
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Fig. 26 


The radius vector of the center of the pinion cutter referred to 
a co-ordinate system having the cradle axis collinear with the k- 
axis and the j-axis vertical is 


Sp = (m, Ma, ™M,) (92) 


The pinion axis is parallel to 7 and intersects the j, k-plane at point 
Q. The radius vector to point 
Q = 79 = —Ej + (Z, — Z)k 
where E = hypoid offset. 
The machine setup for the pinion and pinion cutter is shown 
in Fig. 26. Light guide lines have been added for clarification. 
The machine plane is a reference plane for machine setups; it is 


perpendicular to the cradle axis and passes through the cutter 
center. 


(93) 


Glossary of Terms and Symbols 


Note: Subscripts G or P relate the term to gear or pinion 


ag = 
a= 


angle between gear face plane and gear pitch plane 
angle between normal to involute helicoid and cutter axial 
plane 
at a point on the involute helicoidal surface, 6 is the angle 
between the plane containing the cutter axis and the 
plane tangent to the base cylinder 
= face angle of gear 
pitch angle of gear 
root angle of gear 
difference between face angle and root angle of gear 
lead angle of helix 
= minimum principal radius of curvature of involute heli- 
coid 
minimum principal radius of curvature of conical pinion 
cutter 
= radius of curvature in axial section of involute helicoid 
pressure angle referred to root plane 
cutter blade angle 
normal pressure angle of involute helicoid 
pressure angle referred to face plane 
= axial pressure angle of involute helicoid 
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o,” = axial pressure angle of involute helicoid referred to datum 
plane 


Note: Pressure angle is the angle between a tooth normal and 
reference plane. 


Ad g = angle between cutter axis and perpendicular to datum 

plane 

VY; spiral angle referred to face plane 

Vu angle between plane containing gear cutter axis and nor- 
mal to datum plane at Mz, and plane containing 
tangent to gear peripheral direction and normal to 
datum plane at Mp 

Wp = spiral angle referred to root plane of gear 


Nore: Spiral angle is measured in reference plane between 
projection of tooth normal and peripheral direction of gear at M. 
w = see Fig. 14 
distance in datum plane from intersection of gear axis 
to root mean point M, 
= pinion dedendum at M 
gear dedendum at M 
distance normal to datum plane from M to Mz 
gear face width 
distance from point m; to plane of pinion cutter blade 
tips 
point of intersection of tooth normal and cutter axis 
cutter radius (mean) 
= decrement in cutter radius. 
Fig. 14 
angle between helix and involute of circle (in tangent 
plane) 
angle between intersection of cutter axial plane and in- 
tersection of normal plane with tangent plane to in- 
volute helicoid 
pitch apex of gear beyond crossing point 
pitch apex of gear beyond intersection of datum plane 
and gear axis 
= point width of gear finishing cutter 
lead of involute helicoid 
= normal pressure angle of helicoidal surface relative to 
datum plane 
= root plane spiral angle of pinion 
proportion of face width desired for bearing length 
face width 
= distance along gear axis between plane of blade tips 
and plane parallel to face plane through Mp 
distance along pinion axis between plane of the blade 
tips and the intersection point of the normal to the 
involute helicoid 
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Gear Transmission of High Efficiency 


Up to the present, it has always been accepted as a proven and well-established fact 
that worm gears or screw threads that are self-locking are bound to have an efficiency of 
less than 50 per cent. An entirely different type of worm transmission has been de- 
veloped which is self-locking, yet has a theoretical efficiency that can almost reach 100 
per cent. Efficiencies of 90 per cent and above can easily be obtained in practice, and 
have, in fact, been obtained in models built by the authors. In addition, this new trans- 
mission exhibits a number of other unique and useful properties. 


The paper describes the transmission and develops the theory upon which its operation 
is based. Design equations are derived for different operating conditions, and a number 
of possible uses and applications are discussed, 


1 Introduction 


= TWINWORM DRIVE,! which is to be described in 
this paper, is a worm-gear transmission possessing a number of 
unique properties which should make it a valuable new machine 
element at the disposal of the machine designer. A conventional 
worm transmission consists of a worm driving a worm wheel, with 
their axes normal to one another. The Twinworm drive, how- 
ever, consists of two worms in mesh, their axes almost parallel to 
each other, as shown in Fig. 1. The threads of the two worms are 
right and left-handed, respectively. 

In conventio .al v orm drives, the transmission ratio is generally 
very much smaller than one. With the Twinworm drive, the 
transmission ratio can be made smaller than one or larger than 
one, according to the requirements of the application. It can 
even be made exactly equal to one, something that is achieved 
only with difficulty with conventional worm drives. It should be 
pointed out, however, that the function of the Twinworm drive is 
not to provide very large speed reductions, as these can be more 
easily obtained by means of conventional worm drives. The 
purpose of the Twinworm drive is to produce self-locking, without 
any sacrifice in efficiency. 

As already mentioned, the two worm axes of the Twinworm 
drive must be almost, but not quite, parallel to each other. The 
exact angle between the axes, together with the respective pitch 
angles of the two worms, must be computed according to definite 
design formulas. These formulas, together with the mathemati- 
cal explanation of the Twinworm drive, will be derived later. 
Suffice it to say here that the unique properties of the drive are 
due to the fact that a completely different range of pitch angles 
and axes angles are utilized than in conventional worm drives. 

Depending on the specific design formulas (and the resulting 
pitch angles) which are chosen, the Twinworm drive can be pro- 
vided with a number of completely different properties. Which 
properties are desired depends, of course, on the given applica- 
tion. In general, however, Twinworm drives can be classified 
into two main groups: Those that possess ordinary self-locking 
characteristics; and those with so-called second-order self-lock- 
ing, a completely new property which will be defined later. Be- 


1 Patent applied for. 
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understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 4, 
1959. Paper No. 59—A-75. 
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Fig. 1 Twinworm drive 


fore proceeding with the derivation of the theory and design 
formulas, we will briefly discuss the characteristics and some possi- 
ble applications of each of these two groups. 


2 Twinworm Drive With Ordinary Self-Locking 


Ordinary self-locking means that, if gear 1 is designed to be 
the driver and gear 2 the follower, then gear 1 can drive gear 2 
in either direction, but gear 2 cannot drive gear 1 in any direction. 

This self-locking property serves as a valuable safety feature 
wherever loads have to be raised and lowered. As is well known, 
the efficiency of any conventional self-locking worm drive or self- 
locking power screw can never be more than the theoretical maxi- 
mum of 50 per cent, and, in practice, is usually closer to 40 to 45 
percent. This fact has been accepted for along time. With the 
Twinworm drive, however, the efficiency reaches a theoretical 
limit of 100 per cent, and 90 per cent and above can easily be ob- 
tained in practice. 

Thus, the Twinworm drive permits the use of much smaller 
driving motors or power units, and also, of course, only about half 
the energy will be required to raise the load. The drive can there- 
for be used advantageously wherever loads must be raised, such 
as in hoists, elevators, lift trucks, lifting mechanisms, airplane 
actuator mechanisms, heavy drill presses, automatic garage 
doors, mechanisms for adjusting car seats or car windows, and 
so forth. Where loads must be raised manually, such as with 
screw jacks, hospital beds, and so forth, much lower turning 
effort will be required. 

It should be noted here that, as will be proved later, the Twin- 
worm drive can be designed according to either one of two dif- 
ferent criteria: It can be designed so that the same input torque 
is required both for raising and for lowering the load (even if no 
counterweight is used). In this design, the power unit will be of 
the minimum possible size. Alternatively, the transmission can 
be designed so that the power consumption (for one complete 
cycle of raising and lowering the load) is at a minimum, In that 
case, however, the size of the power unit will be somewhat larger 
than in the first design. Design formulas for each of these two 
conditions will be derived. 
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Fig. 2 Conventional differential 


Another interesting application of the Twinworm drive con- 
cerns differential gears in computing mechanisms. Here the 
Twinworm drive can be used to prevent one input shaft from 
affecting the second input of a differential. Referring to Fig. 2, 
if we give input shaft A, one turn, we normally obtain a pro- 
portional number of turns at the output shaft B. If, however, 
the resisting torque at shaft B is sufficiently great, then shaft A, 
might turn slightly at the expense of shaft B. In the extreme 
case, shaft B might remain completely at rest with shaft A; getting 
all the motion. (This can be demonstrated by jacking up the rear 
end of a car and turning one of the rear wheels by hand, with the 
engine in gear.) This interaction between the inputs can be pre- 
vented by connecting each input shaft to the differential through 
a self-locking worm drive. Conventional self-locking worm 
drives would not be practical here because of their low efficiency. 
The Twinworm drive, however, could be used to advantage, 
especially for airborne computing mechanisms where the weight 
of the driving unit is of importance, or wherever small power loss 
is desired. The fact that the transmission ratio of the Twinworm 
drive can easily be made equal to one is an additional advantage 
for computer applications. 

As an example of this application, Fig. 3 shows a Twinworm 
The 
differential is shown in the right portion of the picture, above the 
integrating mechanism to which its output is connected. One of 
the input shafts is driven by a chain, and is connected to the dif- 
ferential through the Twinworm drive, as seen in the picture. 
The Twinworm drive, in this case, is designed to produce a 3:1 
step-up in velocity, and, for that reason, the input (lower) worm 


drive in actual use in a mechanical computer mechanism. 


Fig. 3 Self-locking Twinworm drive in computing mechanism 
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is larger in diameter than the output (upper) worm. This par- 
ticular Twinworm drive has an efficiency of 83 per cent, and it has 
been operating with good results for a considerable period of time. 


3 Twinworm Drive With Second-Order Self-Locking 


If so desired, the Twinworm drive can be designed to exhibit 
a unique new property, which, for want of a better name, will be 
called ‘‘second-order self-locking.’’ To obtain this property, it is 
only necessary to choose the appropriate combination of pitch 
angles and axis angle, according to the proper design formulas 
for this condition. 

Second-order self-locking includes all the properties of ordinary 
self-locking; i.e., if gear 1 is designed to be the driver, it can drive 
gear 2 in either direction, but gear 2 cannot drive gear 1 in any 
direction. In addition, however, as’soon as gear 2 tries to go 
faster than it is being driven by gear i (i.e., if a force is applied to 
gear 2 which tends to “help’’ gear 1) the whole transmission is 
immediately locked, and comes to a stop as fast as the kinetic 
energy of the system can be converted into elastic energy. 

To realize the full implications of this interesting property, let. 
us consider the following case: Assume that a small flywheel is 
attached to the output shaft of a Twinworm drive with second- 
order self-locking. Assume further that the drive is turning at 
constant speed, and that the input force to the drive.is suddenly 
made zero. At that moment, the input wheel 1 wants to stop, but: 
the inertia of the flywheel attached to the output wheel 2 tends to 
make wheel 2 go faster than it is being driven by wheel 1. Ac- 
cording to the definition of second-order self-locking, the whole 
transmission will immediately stop turning. Paradoxically, the 
inertia of the flywheel, instead of adding to the total inertia of the 
whole transmission, reduces its effective value almost to zero, as 
long as the transmission is to be stopped. When the transmission is 
to be started again, the flywheel will, of course, add slightly to the 
total inertia of the transmission. 

The moment when the locking action begins can be influenced. 
Ordinarily, the drive would be locked as soon as the input ac- 
celeration becomes negative. If, however, the turning of the 
flywheel is opposed by some frictional resistance (leaf-spring 
rubbing against flywheel), then the drive will lock only if the de- 
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celeration of the input shaft exceeds a certain value. Finally, if 
the flywheel is connected to the shaft in a flexible manner by 
means of a torsional spring, then the drive will be locked even 
before the acceleration of the input shaft becomes negative. 

A demonstration model of a Twinworm drive displaying second- 
order self-locking is shown in Fig. 4. (The flywheel is not shown 
in the photo.) Experimental tests showed this drive to have an 
efficiency of 87 per cent, which already includes friction losses of 
the shaft bearings. (These tests were carried out by hanging 
weights on the input and output shafts until the drive barely 
turned. ) 


P, 
(FORCE), 


P, 
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Fig. 5(a) Inclined-plane transmission 


The described properties have a number of possible applica- 
tions. For example, by connecting the drive to a position 
servomechanism, overshoot of the servo output can be com- 
pletely prevented, so that the servo has almost perfect damping 
characteristics. The mechanism can thus replace conventional 
clutch and brake servos. By proper design, a servo can be built 
with a very high frequency response, not obtainable by other 
means such as conventional electric-servo motors. 

Another possible application of second-order self-locking is in 
connection with hand-operated drills, contour milling machines, 
dental drills, and the like, where it may be desired to bring the 
drill or tool to an immediate stop should it penetrate an unin- 
tended area. The electric brakes or slip clutches used for this pur- 
pose are not always effective. Using a Twinworm drive with 
second-order self-locking and with a flywheel connected to the 
output worm, the tool will come to an immediate stop as soon as 
the driving force stops. Similarly, rotary switches, often rotating 
at considerable speeds, could be stopped quickly at any desired 
position by this method. 


4 Force Equations for Inclined-Plane Transmission 


The mathematical theory of the Twinworm drive will now be 
derived. The problem of analyzing the forces transmitted by 
meshing gears or screw threads can be simplified by considering 
only small contacting elements of surface of the meshing gears. 
The problem then reduces itself to the analysis of two inclined 
planes sliding one on the other. The generalized problem is 
represented in Fig. 5(a). The two planes are sliding freely, with 
the only friction being at the contact face between the two planes. 
This friction is denoted by yu, the coulomb (dry) friction coef- 
ficient. The contact faces make angles of ¢; and ¢», respectively, 
with the direction of motion of the planes. The driving and 
opposing forces are denoted by P; and P2, and the respective dis- 
placements by p; and pe. We arbitrarily define the forces and 
displacements as positive if they act in the direction of the respec- 
tive arrows. 

In order to help us visualize the connection between the sliding 
planes and the complete gears, Fig. 5(b) shows two worm gears in 
mesh with each other. The angles ¢; and @, here represent the 
respective pitch angles of the two worms, and ¢@: — q; is the angle 
between the two worm shafts. It is evident that the sliding planes 
of Fig. 5(a) are a schematic and analogous representation of the 
system of Fig. 5(b). Our immediate aim is to find the relations 
between the forces P; and P2, as a function of the angles ¢; and 
¢, and of pu. 

Consider two sliding planes, whose initial positions are shown 
by the solid lines of Fig. 6. If plane 1 is displaced by p; in the 
positive direction, then the resulting displacement of plane 2 will 
be p. in the negative direction, as shown by the dotted lines. 
Applying the law of sines to the small triangle, we obtain 


sin d: 


sin dg) (1) 
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Fig. 5(b) Meshing worms 
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Fig. 6 Movement between sliding planes 
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where the minus sign takes care of the fact that p; and pe are 
always of opposite sign. Similarly, we obtain 
sin (dg. — gi) 
sin d2 
sin (de — ¢1) 
sin d: 


l = p; if pp >O (2a) 


where 1 is the sliding distance. In the following discussion, it will 
be assumed that 


go > hi (3) 








Fig. 7 Forces acting on sliding planes 


This is certainly no restriction of the theory, since, if de < qi, 
we need only interchange the indexes in the various equations. 

The various forces acting on the planes are shown in Fig. 7. 
V is the vertical reaction on plane 1. (In the case of a gear drive, 
this represents the axial thrust.) N is the normal force between 
the two planes. The friction foree uN (not shown) is perpen- 
dicular to N. Since the forces acting on either one or on both 
planes are in equilibrium, we can write, for the components in the 
P.-direction of all forces acting on both planes from the outside 


P2 = P,; cos (¢2 — ¢:) + V sin (¢2 — ¢:) (4) 


Similarly, for the components in the N-direction of all forces 
acting on plane 1 alone, we write 


N = P,sin ¢; + V cos gi (5) 


Before proceeding with our analysis, we must now distinguish 
between three different possible cases: 

Case I: P; tends to drive the mechanism against P2, which is 
denoted mathematically as 


P,>0 P,>0 pr >O pP2 <0 


This is a symbolic representation only, since possibly p, = 0, but 
the tendency is to make p, > 0. It will later on be seen that Case 
I represents ordinary driving without any self-locking. 

Case IT: Ps: tends to drive the mechanism against P;. (Pe 
wants to become the driver.) This is denoted by 


P,>0 P,>0 pi <0 p2>O0 
It will later be seen that this case, under certain conditions, can 
lead to ordinary self-locking. 

Case III: P; and P, together tend to drive the mechanism in 
the direction of —p;, against the friction force between the planes. 
(As applied to two worms in mesh, this case means that wheel 2 
tends to go faster than it is driven by wheel 1; i.e., wheel 2 tries to 


help wheel 1 instead of opposing it.) This is denoted by 


P; <0 P,>0 pr <0 p2 > 0 


It will later be seen that this case, under certain conditions, can 
lead to second-order self-locking. 

We now apply the method of virtual work, which states that, 
for a small displacement, the algebraic sum of the work done at 
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the input and at the output must equal the energy dissipated by 
friction. In other words, 


Pip, + Pop, = wNI (6) 


Considering Case I, for example, the input work is P;p, while 
the output work is P2p2,. Taking into account the signs of these 
four quantities, as specified in the foregoing for Case I, we find that 
the output work P2pe is negative. (This means that, whereas the 
input force P; does work, the output force P; has work done on it.) 
The physical meaning of equation (6) thus is that the input work 
minus the output work equals the friction loss. Similar explana- 
tions hold for the other two cases. For Case II, Pop: becomes the 
input work, and P,p; the output work. For Case III, beth Pip, 
and P2p2 are positive, which means that both forces perform work 
together against the friction force. 

Combining equation (6) with those previously found, we obtain 
(see Appendix) the following three relations: 

For Case I: 


P,>0 
P;>0 
m>o0 
p2 <0 


sin gi + pcos 
sin de + pw cos de 





For Case IT: 


P,;>0 
P,>0 
pi <0 
P2>O 


sin ¢: — 2 cos gd: 
sin d: — pcos gi 





For Case III: 


Py, <0 
P,>0 
pi <0 
pP2 > 


sin gd; — pw cos gi 
sin 2 — pw cos dz 





5 Conditions for Self-Locking 


The three equations (7) can now be examined to see under what 


conditions self-locking can occur. The mathematical condition 
for self-locking is that the driving force needed to overcome the- 
driven force becomes infinitely large. This means that the de- 
nominator in equations (7) must become zero. 

It is evident that, for Case I, self-locking cannot take place. 
For Case II, self-locking will occur as soon as tan ¢; < wp, or 
when 


LB 
= 2 
tan di ot 


Si 


(8) 


Here, S; represents a “safety factor,’’ which, if self-locking is de- 
sired, should always be kept somewhat greater than one, to make 
sure that self-locking is maintained even if u should fall below the 
assumed value. It is evident that equation (7b) becomes invalid 
as soon as S, > 1, since the drive is then locked, so that no motion 
at all takes place. 

For Case III, self-locking will occur as soon as 


be 


= > 
Bs tan de <i 


(9) 


This kind of self-locking is called second-order self-locking. 
It occurs not because the driven wheel wants to become the 
driver (which is the cause of ordinary self-locking possible under 
Case II), but because the driven wheel wants to help the driver. 
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As before, S: represents the safety factor for maintaining second- 
order self-locking. Also, as before, equation (7c) becomes invalid 
as soon as S; > 1. 

Because of the assumption expressed by equation (3), S; will 
always be larger than S,. Thus, as pu is increased, we will first 
reach a condition of ordinary self-locking, and then of second- 
order self-locking. It is thus impossible to have second-order 
self-locking without having at the same time also ordinary self- 
locking. (This explains why we have written both equations 
(7b) and (7c), which are actually identical. The appearance of 
second-order self-locking cannot be predicted from equation (7b), 
since that equation becomes invalid as soon as S;>1. As we have 
seen, second-order self-locking does not occur until S; = 1, at 
which time we already have S; > 1.) 

It should be noted here that the u referred to until now and in 
the discussion to follow is the “active”’ or ‘‘virtual’’ coefficient of 
friction. In the case where the threads of the worm gear have 
parallel sides (as in a square thread), this virtual coefficient of 
friction is identical with the actual or “true” coefficient of friction. 
However, where the threads are inclined (as with Acme threads 
or V-threads), the virtual coefficient is given by 


Mtrue 


cos 9, Se 


Mvirtual = 


where 9, is the pressure angle, or the semiangle of the thread 
profile measured on a normal section perpendicular to the helix. 
(For a standard V-thread, for example, this angle is about 30 deg, 
while for an Acme thread it is about 141/, deg.) 

The concept of second-order self-locking, being an entirely new 
concept, may be somewhat difficult to visualize. Therefore, it 
may not be out of place to conclude this section with a hypo- 
thetical example which will help clarify the difference between the 
three cases, and between the two different types of self-locking. 

Consider a drive with (to simplify the argument) a transmission 
ratio of unity. Assume that wheel 1 is the driver. If the torque 
on wheel 2 opposes the motion of wheel 1, and is smaller than the 
torque driving wheel 1, then we have Case I. If, now, the torque 
on wheel 2 is reversed so that wheel 2 tends to go faster than it is 
being driven by wheel 1; i.e., wheel 2 tries to help wheel 1, then 
we have Case III, and three different conditions are possible: 


1 If the drive is designed for S, < 1, then there is no chance at 
all for self-locking, and the speed of the drive (or the input 
torque) will merely adjust itself until the total power input of the 
two torques equals the power dissipated by friction inside the 
drive. 

2 If the drive is designed for S; > 1 but S; < 1 (ordinary self- 
locking) then, as the torque on wheel 2 is reversed, the drive will 
not lock, since the wheel 2 is not opposing wheel 1, but is only 
trying to help it. Because of the ordinary self-locking, however, 
this “helping effort’’ is wasted; i.e., the’*torque acting on wheel 1 
will turn the drive at the speed that it wants to, and not at the 
speed that torque 2 wants to. (Torque 2, rather than helping, 
actually interferes by increasing the friction between the tooth 
surfaces.) As a practical example of this, consider an automobile 
jacked up on a screw jack. As long as torque 1 is zero, or acts to 
raise the car but is smaller than the opposing torque 2, we have 
Case II, and, because of the ordinary self-locking, the jack will 
not turn. If the jack handle is now turned so as to lower the car, 
then torque 1 acts downward, and the car (torque 2) tries to help 
torque 1 by also pushing downward. This is obviously Case III. 
Yet, since there is only ordinary self-locking, the drive will turn, 
but at the speed the jack handle wants io, and not at the speed 
the car wants to. 

3 If S. > 1 (second-order self-locking), then the drive will 
lock completely as soon as torque 2 is reversed so that wheel 2 
tries to help wheel 1. Thus, if a screw jack were built with 
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second-order self-locking, it would clearly be impossible to lower 
the load. It is obvious, therefore, that second-order self-locking 
must never be used where it is desired to raise and lower loads. 


Having found the conditions under which self-locking takes 
place, our next step is to find the efficiencies for the various cases. 

As long as P; is the driving force, and P2 opposes P;, we have 
Case I, and the efficiency can be expressed as 


__ |Pae 


11 
et (11) 


where the absolute value is used, since p; and p2 are of opposite 
sign. Substituting equations (7a) and (1) into (11), we obtain 


P,>0 
P,;>0 
pi >O0 
P2 <0 


This shows that, to increase the efficiency, S; should be increased, 
and S, should be decreased. To maintain self-locking, S, must of 
course be kept greater than one. On the other hand, if second- 
order self-locking is not wanted, then S, must be kept smaller 
than one. 

Assuming ¢: and @; to be fairly small (smaller than about 20 
deg), we can write tan @ = 9, so that the efficiency can be ex- 
pressed as 


_itu/tangd: _1+5: 
l+yp/tangdg 1+ 





(12) 


P,>0 
P,>0 
Pp >O9O 
P2 <0 


Si/(1 + S:) 
age Oe 
S: (2 — dr) 





n=1- 
) 


where ¢; and ¢, are the respective pitch angles in radians. 

This formula shows that, as long as the drive is still in the de- 
sign stage, once the safety factor S; for self-locking has been de- 
cided upon, the efficiency can be increased by increasing the factor 
u/(d2 — gi). This is done either by decreasing the difference be- 
tween the pitch angles, or by increasing the friction coefficient py. 
It may seem strange at first that an increase in friction will in- 
crease the efficiency. The explanation, however, may be visual- 
ized by means of the following vague analogy: If a locomotive is 
traveling up an inclined track, then an increase in the friction be- 
tween wheels and the rails will cause less slipping, and therefore 
an increase in the driving efficiency. As (¢: — ¢:) is decreased, 
the sliding velocity also decreases, as shown by equation (2). 
Using a higher value of uw permits us to design the gear with a 
larger ¢; and hence a smaller (¢ — ¢,), at the same time main- 
taining S; constant at the value desired. 

This does not mean that we can increase the efficiency by 
throwing sand into our transmission. On the contrary, once the 
drive has been designed and built, an increase in friction will de- 
crease the efficiency, as can be seen if we substitute ¢:/(¢@: — ¢:) 
for the factor u/S:(¢2 — ¢:) in equation (12a). In other words, 
an increase in yw will only produce an increase in efficiency if 
pw is increased before the other quantities are decided upon, and 
if the whole design is then carried out accordingly, so as to 
utilize this higher value of 4. Once the design is fixed and the 
drive is built, the efficiency can only be increased by decreasing yu. 
Of course, if u is decreased too much, then S, will eventually fall 
below one, and the drive will no longer be self-locking. 

It must again be stressed that u represents the active or virtual 
coefficient of friction, as defined by equation (10). This fact 
provides us with the possibility of increasing yu artificially. Thus, 
to get a high uw for the sake of higher efficiency, we can increase 
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the pressure angle of the thread. In addition, of course, choice of 
materials, surface finish, and lubrication should be such as to 
make yw as large as possible. It is even possible to increase uw by 
proper chemical treatment of the contact surfaces with acids. 

Ve now consider the case where P» is the driving force, and P; 
opposes P, (Case IT). If S; > 1, we have self-locking, so that the 
efficiency has no meaning. If S; < 1, the drive will turn, and the 
efficiency is now 


Pyp,| 
n =| : (13) 
\Pops 


which, after substituting equations (7b) and (1), becomes 


as ees | 
1-S, \P2>0 

- 2 (14) 
1 — & pi <0 


pe > 0 


_ 1— p/tan di 


“te u/tan od» 


Finally, we consider Case III, where both P; and P2 drive in 
the same direction against the friction between the sliding sur- 
faces. Again, if Sp > 1, we have self-locking, so that the efficiency 
has no meaning. On the other hand, if S; < 1, the transmission 
will turn, but again the efficiency has no physical meaning here, 
since there is no output work. (Both forces do input work, 
against the friction.) We can, however, calculate the relation 
between the forces P; and P:. We thus define the force ratio n* as 

P, 
= re (15) 
P, 


which, after substituting equations (7c) and (1), becomes 
Pj <8 
* 1 — Se 


P,>0 
”* = —— where S.<1 and 
yeas pr <0 


p2 > 0 


(16) 


It is clear that, for a drive with ordinary self-locking, n* may 
assume any negative value, and can even be larger than one. 

We will now proceed to apply the theory developed so far to 
a number of practical cases, including the calculation of some 
numerical examples. 


7 Ordinary Worm and Worm-Wheel Drive 


Since the assumptions made at the beginning of this article were 
quite general, we can apply the theory to specific cases. Thus, if 
we assume (¢@: — ¢:) = 90 deg, we have the shafts at 90 deg to 
each other, and the case represents an ordinary worm and worm 
wheel, common inclined plane, or common screw. Since here tan 
¢: = —1/tan dy equations (12), (14), and (16) become, respec- 
tively 


1 — pwtan 
9 8 oes =e esceeued 
Mes: 1 + w/tan d, 


Lio b?/S) 


: (for Case T) 
1+S8, 


(17) 


1 — p/tan d, 1 bes S; 


Te T+ mteng 1+ w*/S; 


(for Case IT) (18) 


1 + pw tan ¢g, 


1 + # tan > 


: 1 + #*/S: 
1 — p/tan dg; 


= a sso S, (for Case IIT) 


n° = (19) 


where ¢; is the pitch angle of the worm. As is to be expected, 
equation (17) is identical to the well-known equation for the 
efficiency of a square thread. For an Acme or V-thread, equation 
(17) also applies, but we must use the virtual friction coefficient, 
as given by equation (10). For self-locking, u > tan di, which 


196 / auGcust 1960 


results in an efficiency ngoe of less than 50 per cent, a fact known 
and accepted for a long time. 


8 Worm Drive With Ordinary Self-Locking 


Assume that the safety factor to obtain self-locking is to be S; 
= 1.20, and that the coefficient of friction is u = 0.16 (a reasona- 
ble value for lubricated steel worms). For a conventional worm 
drive, the efficiency, according to equation (17), will then be 
nooe = 44 per cent. 

Designing a Twinworm drive using the same S; and p as in the 
foregoing, we obtain from equation (8) a value of tan @; = w/S: 
= 0.133, so that @, = 7.6 deg. Choosing (¢. — ¢:) = 2 deg, we 
get d. = 9.6 deg, so that, from equation (9), S: = 0.95. These 
values substituted into equation (12) or (12a) show an efficiency 
of 7 = 89 per cent, or twice that of the conventional drive. 

It should be noted that the choice of (¢2 — ¢:) = 2 deg was 
quite arbitrary. By using a smaller value, an even larger ef- 
ficiency could be obtained. The minimum practical value of 
(2 — 1) is probably fixed by manufacturing considerations, such 
as tolerances, and pitch angles that can be conveniently cut on the 
available equipment. Of course, if (¢: — ¢:) is made too small, 
then S: will become greater than one, and we will get second-order 
self-locking. This fact provides a limit on the smallest value of 
(¢@: — gi) that can be used in cases where second-order self- 
locking is not desired. 


9 Drive Requiring Same Power to Raise or to Lower Load 


Wherever a load is to be raised and lowered, a self-locking de- 
vice is usually necessary. In some cases, the load is not balanced 
by a counterweight at all (automobile jack, hoists, and so forth); 
in other cases, it is only partially counterbalanced (elevator). 

With a conventional worm drive, the power required to raise 
the load is much larger than that required to lower it. The motor 
or power unit used in the particular application must, of course, 
be chosen according to the power required to raise the load. 
Using the Twinworm drive principle, it is possible to design a 
drive such that the same amount of power will be required for 
raising or for lowering the load. The necessary size of the motor 
or power unit will then be at a minimum, and, in any case, will 
be much smaller than with a conventional worm drive. 

While the load is being raised, we have Case I, and the efficiency 
7 is given by equation (12). While the load is being lowered, we 
have Case III (since the load is trying to help the drive), and the 
force ratio n* is given by equation (16). We assume that the 
load consists only of deadweight, but does not include any fric- 
tional resistance outside of that which exists within the worm 
drive itself. In that case, the magnitude of the load remains 
the same, both for raising and for lowering. Therefore, to get the 
same driving power, both for the opposing and for the collaborat- 
ing driven load, we must set 7 = —n*. Substituting the rela- 
tions (12) and (16) into this condition (and assuming that tan @ 
= o), we obtain the condition 


w= Vorb (20) 


from which follows 
1/S2 = Si (20a) 


This means that S,, the safety factor for having ordinary self- 
locking, must equal 1/S2, the safety factor for not having second- 
order self-locking. (If there were second-order self-locking, it 
would be impossible to lower the load altogether.) 

Substituting condition (20a) into equation (12), we find that 


ene n= ~{% 
a EN: oe eee Si og: 
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Applying this to a numerical example, we again use S; = 1.2 
and wp = 0.16. The pitch angles of the two worms are then ¢; = 
are tan u/S; = 7.6 deg, and ¢@ = are tan w/S, = are tan pS; 
= 10.9 deg, resulting in an efficiency of 7 = 1/S, = 83 per cent, 
as compared to ngoe = 44 per cent obtainable with a conven- 
tional worm drive using the same values of yu and S,. This means 
that, using the Twinworm drive, the motor or power unit need 
only be of about half the load capacity. 


10 Drive With Minimum Power Consumption for Raising 
and Lowering Load 


Sometimes we are interested in raising and lowering a load 
with minimum power consumption for one complete cycle. The 
power required for raising the load will then not be equal any- 
more to that required to lower it, and the necessary size of 
the power unit will be larger than in the previous case. The 
over-all power consumption per cycle will be lower, however, 
because in the previous case considerable power is wasted in 
lowering the load. 

Assuming that the load W must be raised and lowered through 
a distance h, we find that the energy HZ necessary for one cycle is 


equal to 
1 1 2Wh 
= Wh (2 - *) ——— (22) 
n n Nm 
where the apparent mean efficiency 7,, is defined by 


2 i(; *) 
tm 2\n 7° 


Substituting the values of 7 and n* as expressed by equations 
(12) and (16), we obtain 


_ Wh _ Wh 
n n* 


E 


(23) 


1 — S;? 


2 93 
rary San Soc 


Nm = 


where S, > 1 and S; < 1, since we have ordinary self-locking. 

In order to obtain minimum power consumption per cycle, we 
want 7,, to be maximum. Setting the derivative dn,,/dS. equal 
to zero, this leads to the requirement 


(Sr) = S — VS? - 1 
whereupon the apparent mean efficiency becomes 
(Mm)o = 2(S2)o 


Applying this to a numerical example, and again using S; = 1.2 
and uw = 0.16, we have, as before, ¢: = 7.6 deg. From equation 
(24), we find (S2)) = 0.54, so that @. = are tan u/S. = 16.5 deg. 
The power consumption per cycle thus becomes, according to 
equations (22) and (25), equal to E = Wh/(S2)o = 1.85 Wh. 

In order to afford a comparison of power consumption per 
cycle, we have computed the mean efficiency for the example of 
section 9 and also for the conventional worm drive. 

In order to compare the required size of the power unit for the 


(25) 


Table 1 
Power 
consumption 
per cycle 
2.44 x Wh 


Required size of 
power unit 

Ordinary worm drive 2.27 K Pope 

Twinworm designed for 

minimum power-unit 

size (equal force to raise 
and to lower load) 

Twinworm designed for 

minimum power con- 

sumption 1.43 X Pope 


1.20 X Prpe 2.40 X Wh 


1.85 X Wh 
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different examples, we calculate the fraction Pip; = P2p2/n where, 
for n, we use either the efficiency y, equation (12), or the force 
ratio — *, equation (16), whichever is smaller. 

To facilitate comparison, the results are summarized in 
Table 1, which should be self-explanatory. The final choice of 
drive would be made according to what was more important— 
minimum size of power unit or minimum power consumption. 


11 Utilization of Worm Friction for Braking Purposes 


We have seen that, in Case III, both forces P; and P; act in the 
same direction against the friction force between the two worms. 
This friction force could therefore be utilized to perform a 
useful braking action. For example, it may be desirable to have a 
braking action the moment the load begins to help the drive and 
tries to raise its speed. We assume that a braking torque n times 
the driving torque of the load is desired. This means that, the 
braking torque being equal to Pip: + Psp, we want Pip: + 
P+ p2=nP2p2. From this follows that —P2p2/Pipi = 1/(1 —n). 
Equating equations (15) and (16) and substituting we obtain 


Be 
tan gd: = ( a 5) 
n-1 

As a numerical example, consider a water pump driven by a 
nonsynchronous motor. If the pump load should change direc- 
tion, so that the pump itself wants to drive the motor (pump 
wants to run faster than it is being driven), then we want a 
braking torque equal to 150 per cent of the pump’s driving torque 
applied within the transmissien. (This means that the motor 
would then have to overcome a positive torque which is only 50 
per cent of the pump’s driving torque.) 

Assuming S; = 1.1 and uw = 0.16, and substituting n = 1.5 
into equation (26), we obtain @ = are tan 0.145 = 8.2 deg, and 
gd: = arc tan 0.200 = 11.3 deg. 

According to equation (12), the efficiency of this drive, when 
working under ordinary conditions (opposing load), will be 86 per 
cent. It should be noted that the efficiency will increase as n is 
increased, and n = © signifies total second-order self-locking. 
The braking action produced in this example might therefore be 
visualized as constituting “partial’’ second-order self-locking. 
While the drive is not locked, the tendency toward second-order 
self-locking produces the desired braking force. 


(26) 


12 Design Considerations 


The one disadvantage of the Twinworm drive seems to be that 
the angle between the two worm shafts cannot be made any arbi- 
trary value, but is fixed by the design formulas, according to the 
specific requirements of the drive. The shafts have to be almost, 
but not completely parallel, as compared to a 90-deg angle for 
conventional worm drives. 

Obtaining such small shaft angles should not be difficult. In 
cases where the final input and output shafts have to be abso- 
lutely parallel, a flexible drive could be used to connect the worm 
drive to the rest of the system. Since the angle required is very 
small and, furthermore, since it remains constant, such a drive 
would be very simple to design. Bevel gears can also be used, as 
shown in the application illustrated in Fig. 3. Again, since the re- 
quired: angle is very small, the bevel gear teeth would be almost 
straight and would thus be easy to manufacture. 

The transmission ratio of the Twinworm drive is equal to the 
ratio of the number of threads on the driving and the driven 
worms. The transmission ratio can thus be made any reasonable 
value, as already stated previously. Since, however, the pitch 
angles of the worms are fixed ahead of time according to other 
considerations, the number of threads on a worm can only be in- 
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creased by increasing the worm diameter proportionately. Thus, 
the transmission ratio varies approximately as the inverse ratio 
of worm diameters. This fact imposes the only practical limita- 
tion on the maximum speed ratio obtainable with a Twinworm 
drive, since, just as with a pair of ordinary spur gears, extremely 
high ratios would require one gear to be extremely large in 
diameter. 

The worms of the Twinworm drive can be cut on a lathe, or even 
on automatic screw machines, the same as ordinary screw threads. 

The load-bearing capacity of the Twinworm drive is higher 
than that of ordinary worm drives, since their high efficiency re- 
sults in very little heating of the threads. For the same reason, 
wear will be low. A second factor making for little wear is the 
fact that the sliding velocity between the teeth is very low, being 
only a small fraction of the peripheral velocity of the worm, as 
compared to conventional worm drives where these two velocities 
are about equal. 

In certain applications, especially those demanding second- 
order self-locking, it may be desirable to connect the output worm 
to a friction coupling in order to dissipate the kinetic energy of the 
system when the drive is suddenly locked. This is illustrated in 
Fig. 3, the friction coupling there being the left extension of the 
upper worm. Another method of reducing the contact forces 
during locking consists of connecting the output worm through a 
flexible torsion spring or shaft. This increases the elastic energy 
capacity of the system, so that the kinetic energy can be more 
easily absorbed without producing excessive contact forces. 
These methods, however, are not generally necessary, but are 
only called for in special cases. 


Fig. 8 Internal Twinworm drive 


13. Other Forms of Twinworm Drive 


The theoretical principles of the Twinworm drive can also be 
applied to an internal worm drive, as shown in Fig. 8. In that 
case, of course, the transmission ratio must be other than one. 
The inside worm being barrel-shaped, as shown in the figure, a 
greater amount of tooth surface is in contact, so that the load- 
carrying capacity of the drive is increased. 

Similarly, a type of bevel gear could be designed according to 
Twinworm principles (Fig. 9) so that self-locking with high 
efficiency would be obtained. Here, again, the larger amount of 
contact surface would make for a greater load-carrying capacity. 

In cases where rotary motion has to be changed to linear motion, 
a worm could be used driving a type of rack whose teeth represent 
inclined planes. This is illustrated in Fig. 10. If the pitch angles 
of worm and rack are calculated according to the design formulas, 
then the drive will be self-locking with high efficiency. Such a 
drive might, for example, be used in the automatic or manual 
raising of automobile or train windows. 
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Fig.9 Bevel Twinworm drive 





Fig. 10 Twinworm principles applied to worm-rack drive 


Finally, where we wish to transmit only linear motion, we could 
use an inclined-plane transmission, as shown in Fig. 5(a), instead 
of worms. Again, the respective angles of the inclined planes 
would have to be computed according to the principles enumer- 
ated if self-locking with high efficiency is to be obtained. Possible 
applications include automatic closing of doors in buses or trains, 
and so forth. Since the drive is self-locking, no air need be 
applied constantly to the power cylinder to keep the door closed. 

In conclusion, let it be stated that, as time goes on, numerous 
new applications of the Twinworm drive will, undoubtedly, be 
found. The Twinworm drive represents a powerful new machine 
element in the hands of the ingenious machine designer. 


APPENDIX 
Multiplying equation (4) by cos ¢;, and multiplying equation 
(5) by sin (¢2 — ¢:), subtracting the two products, and then 
multiplying the result by wu, we get 
uP: cos di — UN sin (¢2 — gi) = uP; cos d2 
Dividing equation (6) by p: we obtain 


l 
a ea or = P, 
Pr 


Pi 


(27) 


(6a) 


We now substitute equations (1) and (2a or b) into (6a). For 
Case I, p,; > 0, and we must therefore use equation (2a), whereas, 
for Cases IT and III, equation (2b) applies. We obtain 


P, sin ¢: © uN sin (d2 — $1) = Py sin de (28) 


where the three different signs in front of the uN-term refer to the 
three different cases, respectively. Adding or subtracting equa- 
tions (27) and (28), we have 

P, (sin @: £ w cos di) = P, (sin @ = ws cos ¢:) from which 
follow the three equations (7). 
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DISCUSSION 
J. D. Howell? 


The authors have disclosed a very promising and useful new 
mechanism. A word of caution, however, seems in order for the 
designer who intends to use it. The device must be designed on 
the basis of energy absorption and heat dissipation. For instance, 
in the lift mechanism described where equal torque is to be used in 
raising or in lowering the load, both the input energy and the 
potential energy given up by the load must be converted into 
heat at the contact point of the two worms when lowering the 
load. This is, it is true, a moving point, but temperatures should 
be kept low enough to prevent surface damage under the high 
loads present and provision must be made for carrying away the 
heat produced if operation for any length of time is expected. 


W. L. Starkey* 


The authors deserve sincere congratulations for the conception 
and development of the Twinworm drive, and for their excellent 
paper on this very novel machine element. I have carefully 
examined the analysis of this new gear-configuration and find it 
to be accurate. It may be suggested, however, that it would be 
helpful to readers attempting to gain an intuitive understanding 
of the basic principles involved in this Twinworm drive, if ad- 
ditional schematic models of the contacting surfaces of the mating 
gears were presented in such a way that the relationship of the 
frictional forces and the resulting permissible motions were more 
clearly described. 

Considering the possible applications of this device, it seems 
that its primary unique feature is its ability to be so constructed 
that it can transmit torque and angular motion in one direction 
through the drive at high efficiency with a self-locking feature 
which prohibits reverse transmission in either direction of rota- 
tion. 

The functions of some configurations of this mechanism, es- 
pecially where high magnitudes of torques are involved and where 
the dual self-locking feature is not required, might better be 
achieved by a combination of an ordinary spur or helical gear pair, 
together with a no-back-lash, self-locking clutch mechanism. 

Although, unquestionably, this new device will find many useful 
applications, designers should be cautioned that for some con- 
figurations, especially where cost, weight, or space requirements 
would dictate small size, it is probable that excessively high 
Hertz-type contact stresses may be developed at the gear teeth, 
and excessively high axial thrust forces might be produced, either 
of which could lead to premature mechanical failure. Such ex- 
cessive loads would tend to cause pitting or wear of the tooth sur- 
faces, bearing failure, shaft failure, or gear-wheel web failure. 
On the other hand, for small power-transmission or where size is 
not a factor, this device could undoubtedly be designed to last 
many cycles of useful life. 

The authors are particularly deserving of commendation for 
this contribution to knowledge. They have taken a simple, 
widely used gear configuration, and by introducing a clever modi- 
fication, have produced what is essentially a new device having 
unique capabilities. 

2? Development Engineer, Wallace & Tiernan Inc., Belleville, N. J. 


3 Professor, The Ohio State University, Columbus, Ohio. Mem. 
ASME. 
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Authors’ Closure 


Mr. Howell’s comment about heat dissipation is, in general, 
correct. However, this problem exists with all worm drives and, 
wherever the heat to be dissipated is excessive, the gears are 
usually immersed in an oil bath in order to carry the heat away. 
The Twinworm drive is, in this respect, never worse, but usually 
much better, than conventional worm drives. This can be seen 
from Table 1 of the paper, where the column ‘‘Power consumption 
per cycle’’ also represents the heat that must be dissipated per 
cycle, for the case where loads are to be raised and lowered. It 
will be seen from the table that, from the standpoint of heat to 
be dissipated, the Twinworm designed for minimum power-unit 
size (equal force to raise and to lower load) is hardly any better 
than a conventional worm drive. However, if the Twinworm is 
designed for minimum power consumption, then the heat to be 
dissipated is appreciably less. 

It should also be stressed that this problem of heat dissipation 
exists only where loads must be alternately raised and lowered 
continuously. In all other applications where the Twinworm is 
used to provide ordinary self-locking (as, for example, in the com- 
puting mechanism described in the paper), there is hardly any 
heat to be dissipated because of the Twinworm’s high efficiency. 
In contrast, a conventional worm drive used in such applica- 
tions would have an efficiency of less than 50 per cent, which 
means that over 50 per cent of the power transmitted would have 
to be dissipated in the form of heat. 

The authors wish to thank Professor Starkey for examining and 
verifying the correctness of the Twinworm analysis. We agree 
that a more schematic explanation of the Twinworm drive is in 
order and refer the reader to the article, ‘‘For Self-Locking at High 
Efficiency . . . the Twinworm Gear,’’ by Nicholas Chironis, pub- 
lished in the January 18, 1960, issue of Product Engineering. In 
that article, an attempt is made to explain how the Twinworm 
drive works by means of schematic models of the contacting sur- 
faces. 

Concerning the question of the axial thrust forces produced in 
the Twinworm drive, these are no worse than in conventional 
worm drives and, in either case, simply are proportional to the 
cotangent of the pitch angle @, if friction is neglected. Taking 
the friction into account, the ratio of end thrust to applied force 
equals 1/(@ + y). 

Contact stresses are, of course, a problem, but again, this 
problem is common to all worm drives. The contact between the 
Twinworm surfaces is, strictly speaking, point contact. In prac- 
tice, however, the contact sufficiently approaches line contact 
(i.e., the Hertzian ellipsoid of contact has a large radius), so that 
the contact stresses are not too large. To reduce these stresses 
even further, it is possible to make one of the two worms (usually 
the driven one) in hyperboloid (hour-glass) shape. This increases 
the number of threads in contact and thus reduces the contact 
stresses. Such a hyperboloid worm could easily be manufac- 
tured by means of hobbing, using a hob having the shape of an or- 
dinary cylindrical (the driving) worm. (The hobbing should 
preferably be carried out at high speed, because of the low sliding 
velocity between the Twinworm surfaces. ) 

Other methods of increasing the contact surfaces and thus re- 
ducing the contact stresses are illustrated in Figs. 8, 9, and 
10 of the paper. 
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Determination of Cutter Trajectories for 


R. G. DeBIASE 


Engineer, General Engineering 
Laboratory, General Electric 
Company, Schenectady, N. Y. 


Contoured Turbine Buckets 


The advent of numerically controlled machine-tool systems introduces the serious 
problem of suitably employing them for part fabrication. 


To numerically contour the 


complex surface of a large turbine bucket with this type of machining system, it is neces- 
sary to determine the geometrical constraints on the motion of the cutter, which will sweep 
out the desired part surface as an envelope of the cutter surface. A definition of the tur- 
bine-bucket surface is given in terms of unequally spaced cross sections along the length 
of the part, and an interpolating procedure is employed to define the entire surface with 


properly faired transitions between the specified cross sections. 


The procedures out- 


lined in this paper have been used to program an IBM 704 computer for the preparation 
of digital control tapes, which instruct the motions of the machining syster:. 


Bist MATHEMATICAL AND PHYSICAL considerations 
necessary to the automatic fabrication of contoured turbine 
buckets on a numerically controlled machine-tool system divide 
naturally into four distinct categories: (a) The definition of the 
part surface by the general-purpose computer, (b) the solution of 
the geometrical problem relating the cutter to the bucket surface, 
(c) the determination of the cutter trajectories and motion pro- 
grams which generate the desired surface as an evolute of the cut- 
ter surface, and (d) satisfying the compatibility requirements of 
the digital components that constitute the machine-tool system. 
Although item (d) is necessary to the realization of a workable 
system, it is peculiar to the system studied and will not be dis- 
cussed further. The first three categories demonstrate more 
generally applicable techniques and will constitute the subject 
matter of this paper. 

In a companion paper ‘Automatic. Milling of Steam-Turbine 
Buckets,’’ R. H. Wilke and A. Rubio? cover the utilitarian 
aspects of the work presented and show a turbine bucket that 
was fabricated by using the techniques described in this paper 


Constraints Imposed by the Machine Tool 


Fig. 1 is an attempt to show picterially an inclined toroidal cut- 
ter in juxtaposition to the surface of a milled turbine bucket. 


Two basic Cartesian reference axes are illustrated. An XYZ sys- 
tem serves as the reference axes for part-surface description, and 
a UVW system placed at the cutter center describes the cutter 
surface. The operation of the machine tool is such that the part is 
indexed through 360 deg in angular increments about the Y axis, 
and the cutter center is constriined to lie in the XY plane. Only 
two motion channels are controlled at any instant of time, al- 
though a channel-sharing feature is provided. Either the XY 
axes are under servo control while the rotation (8 axis) is held 


1 When this paper was written the author included information and 
expressed opinions believed to be correct and reliable. Because of the 
constant advance of technical knowledge, and widely differing con- 
ditions of specific application, and the possibility of misapplication, 
any application of the contents of this paper must be at the sole dis- 
cretion and responsibility of the user. 

2 ASME Paper No. 59—A-98, Mechanical Engineering vol. 82, 
January, 1960, pp. 44-47. 

Contributed by the Machine Design Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of THe American Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 17, 
1959. Paper No. 59—A-111. 
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fixed, or the X8 axes are controlled while Y motion is frozen. 
In this manner a three-dimensional complex surface can be gen- 
erated by making a longitudinal pass with the cutter while the 
index angle is held fixed; then the index angle is advanced through 
an increment of a few degrees, and a return pass is effected. The 
process is continued until the part has been indexed through a 
complete rotation. 


The Turbine-Bucket Surface 


An engineering description of a turbine bucket is set forth as a 
series of cross sections of the desired bucket at intervals along the 
Y axis parallel to the XZ plane, and a requirement that the in- 
tervening surface provide a “‘properly faired’’ transition between 
the specified sections. A typical cross section might appear as the 
solid-line curve of Fig. 2. To realize the surface-transition re- 
quirement it is necessary that a well-defined interpolation pro- 
cedure be employed to produce consistent results. Since the 
machining system is basically designed to operate in a cylindrical 
co-ordinate system, a logical interpolation procedure should em- 
ploy a set of radial planes to define the complete surface; how- 
ever, Fig. 2 shows that the character of the contour is such that 
multiple-valued R-versus-8 functions are encountered, thereby 
making the resultant data unusable for interpolation. This dif- 
ficulty was surmounted by developing an envelope surface having 


Fig. 1 Isometric view of cutter in relation to bucket surface 


Ze 


ENVELOPE SURFACE - | 


+x © 
MULTIPLE RADIUS VALUES ~‘-~ \ 
SINGLE VALUED RADIUS (R') 
Fig. 2 Generation of envelope surface for interpolation 
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a point-to-point correspondence with the bucket surface, but 
having the desirable property that the R’-versus-8 description of 
each cross section is a single-valued function. The envelope sur- 
face is generated by rolling a coin of sufficiently large radius 
around the periphery of each section, marking the path of the 
coin’s center, and then interpolating the envelope along the length 
of the bucket in each radial plane. This envelope surface is now 
the interpolating surface that allows a definition of points on the 
actual bucket surface between the specified cross sections. A 
point on the bucket surface is determined by erecting a perpen- 
dicular to the envelope surface in a plane parallel to the XZ plane, 
and then marking off the coin radius m. 


The Toroidal-Cutter Surface 
For the purpose of providing mechanical clearance, the toroidal 
cutter was inclined at an angle a@ to the YZ plane. Details of 
the cutter surface are illustrated in Fig. 3. A description of the 
cutter surface in the intermediate U’, V’, W’ reference frame in 
terms of y, ) parameters is 
U’ = (6 + acos Y) cosA 
V’ = asiny (1) 
W’ = (b + acos y) sinA 


Equations (1) can be converted to the desired U, V, W axes by 
using the matrix transformation 


U cosa —sin a 0 U' 
Vi= cos a 0 V’ 
0 0 1 Ww’ 


sin @ 


With the result 
U = (b +a cos y) cos A cos @ — asin y sin a@ ] 
V = (6 + acos y) cos A sina + asin Y cos @ 
W = (b+ a cosy) sind 


The effective cutting surface lies in the range 


T 7 
and ” Sr\85 
An assignment of a value for y and a value for X in their appro- 
priate ranges defines a point in the UVW space that is on the 
cutter surface. In the XYZ system the cutter surface can be ex- 
pressed as 


X = X cutter center + U(¥, d) 
Y = Y cutter center + V(y, A) (4) 
Z = W(y, >) 


It is to be noted that at this point a numerical definition of 
the entire bucket surface can be determined from the construction 
of the interpolating envelope surface, and the cutter surface is 
specified analytically by equations (3) and (4). 


Determination of the Cutter-Center Trajectories 


Having established an appropriate description of the bucket 
surface and the cutter surface, the object is to determine at every 
specified section the values for X cutter center and Y cutter cen- 
ter that cause an osculation of the cutter and part surfaces. This 
same determination must be carried out for all of the possible in- 
dexed positions of the bucket. 

The procedure for effecting a solution to the problem of locating 
the cutter center will be described as two steps. First, a gross 
approximation will be obtained by employing a specific curve on 
the cutter surface projected onto a generic jj cross-section plane 
[see Fig. 4(a)]. This curve will be called an extremum curve. 
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AT SECTION u-J 


Fig. 4 Initial cutter placement relative to bucket surface 


Then, having determined the first approximation point, the sur- 
face of the part will be developed in an approximate manner by 
a “least-squares’’ procedure, and the analytically defined cutter 
will be developed as a bivariate Taylor series. It should be noted 
that these surface determinations are only required to be valid 
in the near vicinity of this first approximation point and are dis- 
cussed in more detail in the Appendix. 

To examine the procedure for determining the first approxima- 
tion in more detail, consider Fig. 4(b). As a mathematical abstrac- 
tion, the projected extremum curve is placed in coincidence with 
the blade surface as shown. This relationship causes the cutter 
to undercut the workpiece either on the positive Z side or the 
negative Z side of the rotation axis. A decision is made by the 
general purpose computer to determine where the workpiece un- 
dercut occurs, by evaluating the X values of the part surface at 
Z = +0.05 in. When the decision is made, the Z value is 
sequentially advanced in 0.05-in. increments, and at each Z 
value a number Xpart — Xeutter is evaluated. Differencing the 
sequentially determined Xpart — Xcutter numbers allows a de- 
termination of the maximum penetration point, because at this 
point the difference (X part = Xeutter a - (X part cand X cutter n+ will 
change sign. 

Analytically the extremum space curve on the cutter surface 
is defined by the equation 


7 
= — 5 
d 2 eae (5) 
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which results in the one-parameter (7) relations, 
em 
V = —(b + acos y) sin 3y sina + asin y cosa (6) 
W +(b + acos y) cos 3y 


—(b + acos y) sin 3y cosa — asin y sina 


Now the Z value of the maximum penetration point is the W 
value given in equations (6), and an iterative solution of this 
equation permits the determination of y. The valid range of y 
is — 7/6 S y S O since the tilt angle a is fixed at 2/6 for this 
machining system. With a knowledge of y, equations (6) provide 
a knowledge of the cutter-center location relative to the initial 
cutter placement illustrated in Figs. 4(a and 6). In brief terms 
the mechanism is employed of relating the surface co-ordinates ‘y, 
\ by equation (5), which defines an explicit curve on the cutter. 
The maximum-penetration property of the projection of this 
space curve allows an evaluation of the parameter y at the point, 
and this single parameter relates the three-dimensional character 
of the cutter to the cross section of the bucket. The first ap- 
proximation and the first step of the solution procedure is thereby 
realized. 

To make the second step of the procedure more readily ap- 
parent, consider Fig. 5(a). At the beginning of the discussion the 
interpolating envelope surface was introduced, and it is now em- 
ployed to develop the bucket surface in the vicinity of the first 
approximation to the contact point. In actuality the envelope 
surface exists only as a series of lengthwise curves in a discrete set 
of radial 8 planes spaced two degrees apart. Since the envelope 
surface has a point-to-point correspondence with the part surface, 
the first approximation point has an associated envelope point, 
and the included £8 angle for this envelope point is readily deter- 
mined. By a table-look-up procedure the digital computer can be 
instructed to pick out a set of discrete 6 planes adjacent to the 
B plane found as a result of the first procedural step. The grid of 
bucket-surface points shown in Fig. 5(b) can be found from the 
envelope-surface data for further refinement of the contact-point 
location in the following manner [see Fig. 5(b)]: 


1 The three-part surface points at the generic Y = Y; sec- 
tion were determined in the first step by advancing the Z value 
by increments of 0.05 in. and calculating sequentially the cor- 
responding X values for the given cross section. 

2 The additional six points at Y = Y; + 0.1 and at Y = 
Y; — 0.1 are obtained by using the envelope data in the adjacent, 
discrete 8 planes to interpolate 0.1 in. above and below the speci- 
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fied cross section, and then projecting these six envelope points 
back to the part surface. 


A further discussion of the analytical details employed to develop 
the part surface in the vicinity of the gross contact point is given 
in the Appendix. The point to be emphasized is that a develop- 
ment of the area of the bucket surface in which the true point of 
contact lies can be established numerically and can be used to 
refine the location of the cutter-center point to mate the surfaces 
properly. 

In the Appendix an expression for the bucket surface is de- 
veloped in the vicinity of the contact or first-approximation 
point. The form of this expression is 


Xa(Yo + AY, Z + AZ) = Xglyyz + AY + wAY?* 
ad a,AYAZ + a,AZ oh a;AZ? (7) 


Referring again to the Appendix the equation describing the cut- 
ter surface in the vicinity of the point of contact follows 


Xo(¥Yo + AY, Z. + AZ) = Xelyy.z + HAY + WAY? 
+ bAYAZ + b,AZ + b:AZ* (8) 


Physically, a review of Figs. 4(a and b) indicates that the initial 
placement of the cutter must be modified to mate the bucket and 
cutter developments of (7) and (8). Here the previously deter- 
mined ¥ value serves to determine a V value from equations (6), 
which is exactly the Y displacement of the cutter center from the 
section 77 that does in fact properly relate the surfaces. A situa- 
tion now exists in which, due to the initial placement shown in 
Fig. 4(b), an undercut condition is assured, and the region in- 
cluding the point of maximum undercut is described by equations 
(7) and(8). Forming 


X, — X, = Xevo.zy — Xslynze + (bi — m)AY + (b2 — a2)AY? 
+ (bs — as)AYAZ + (bs — a)AZ + (bs — as)AZ* (9) 


and then determining the point of maximum penetration by dif- 
ferentiating (9) partially with respect to AY and AZ below 


“X, — Xs) | OX. — Xy) 


0 
oAY ; oAZ . oo 


Equations (10) permit an evaluation of a set of values for AY and 
AZ, which when reinserted into (9) gives the maximum penetra- 
tion of the cutter into the workpiece. When the cutter is with- 
drawn from its initial placement by the amount of the maximum 
penetration determined, a refined set of values for Xeutter center 
and Y cutter center is obtained. 

When it is recalled that all of the sections coupled with all of 
the possible inaex angles require a determination of this informa- 
tion, one can see that a very extensive set of calculations 
must be performed by the general-purpose computer to generate a 
control tape. 

An unconnected set of Xeutter center, Yeutter center point deter- 
minations has been obtained up to now. It is therefore neces- 
sary to discuss the manner of connecting or interpolating these 
data so that the machining system does in fact produce a part 
surface that is properly faired and meets or exceeds the require- 
ments of the engineering and manufacturing groups. 

A moment’s digression will serve to clarify the reason for the 
interpolation procedure finally chosen. The machine-tool system 
is composed of three parts—a general-purpose computer, a 
machine-tool director, and the actual machine tool. The director 
employed for interpolation solves the finite-difference equations 
which generate parabolic motion in each machine axis, and thus 
due to the nature of the director a parabolic interpolating scheme 
was used. In particular consider the set of Xcutter center, Y cutter center 
values associated with a single cutter pass along the bucket. 
The chord line joining the points adjacent to a particular point is 
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ased to define the slope at the particular point. In traversing the 
path along the bucket from one point with a given slope to the 
next point also having a specified slope, one finds that a single 
parabola does not suffice because too many conditions are im- 
posed. A final and acceptable version of the many possible in- 
terpolating techniques was to use two connecting parabolas with 
continuous slopes and ordinates at their junction to satisfy the 
ordinates and chord-determined slopes along the cutter trajec- 
tory. 


Conclusions 


The techniques discussed are quite general in nature and can be 
employed for the contouring of many three-dimensional surfaces. 
It is to be noted that although the discussion was pointed toward 
the fabrication of contoured turbine buckets the technique need 
not be restricted to these parts. It is quite apparent that the 
only restrictions on the class of surfaces that can be cut are im- 
posed by the cutter radii and the machine interferences. 

A digital control tape can be generated on the IBM 704 com- 
puter with the program developed from these methods, within 
25 to 45 minutes after insertion of the required engineering data. 
The time interval varies with the complexity of the bucket. This 
relatively rapid preparation of new control tapes provides a high 
degree of flexibility in the utilization of the machining system. 
The machining tapes produced parts with the desired surface 
contour, and within the prescribed tolerances. 
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APPENDIX 
The Turbine-Bucket Surface 


From the data used to obtain the first approximation, the gross 
contact point and its two adjacent Y, points at AZ = +£0.05 in. 
are obtained. The envelope-surface interpolating procedure 
gives three bucket-surface points at Y; + 0.1 in. and three 
points at Y; — 0.1 in. [see Fig. 5(b)]. An appropriate description 
of the part surface can be written in the vicinity of the point of 
contact as 


Xp(¥o + AY, Z + AZ) = Xolvo.z + MAY + a,AY? 
+ a,AY AZ + a,AZ + a;AZ? (11) 


Since the data on the Y, section is the best information available, 
it is assumed that the approximate surface (11) passes exactly 
through the three points in the jj plane. From the X values and 
the locations of these three points, the coefficients Xs! y,,z,, 
a,, and a; are readily evaluated. The six additional off-section 
points can be used to determine the remaining approximating co- 
efficients a;, a2, and a; by a “‘least-squares’’ procedure. At each 
of the six off-section points the difference between the known sur- 
face value and the form (11), with appropriate insertions of the 


o7xX 


A K;? (b + a cos y) sin? \ + (Ka sin y cos X + Kya cos y)(Kz sin y cos y cos A + K, cos? y) 


(12) 


result, which minimize the function er. There results a set of 
three equations in three unknowns that can be solved for the co- 
efficients a,, a2, and a;. With the six approximate surface co- 
efficients determined, equation (11) provides an analytical descrip- 
tion of the region of interest on the part surface. 


The Toroidal-Cutter Surface 

Since the cutter surface can be defined analytically, its surface 
in the vicinity of the first approximation point Yo, Zp will be de- 
veloped in a Taylor series. In form, this approximating surface is 
XA(Vo + AY, Z + AZ) = Xel¥yzq + KAY + b,AY? 


+ bAYAZ + BAZ + b;AZ? (13) 


where 
ox | 
oY |¥s,20 


1 = be ey bs 


~ OVOZ v5.25 
ox | 
oY |¥o,Zo 


aks ~ Of age \¥o.Ze 
Although an expression for X as a function of Y and Z is desired, 
equations (3) which describe the cutter surface from cutter-center 
co-ordinates are entirely adequate for the evaluation of the par- 
tial derivatives required in (13); and the Taylor expansion is 
then completely determined when X el 2» is known. 

Equations (3) express U, V, and W as a function of the two 
parameters ‘y, A. It should be recalled that y was obtained from 
the last equation of the set (6) at the first approximation point. 
But Equation (5) which relates y and A can be used to evaluate 
the \ when 7 is known. This particular y, A pair defines the 
contact point on the cutter surface. Thus the partial de- 
rivatives required for (13) can be evaluated in UVW space in 
terms of the y, \ parameters, and the numerical evaluation of the 
partial derivatives is obtained when the particular y, \ contact 
point values are inserted. 

Since the required partial differentiations of equations (3) are 
tedious and quite straightforward, only a listing of the desired 
answers will be given. In particular if K,; = cos a and K; = 
— sina 


ox —K, sin y + K2 cos y cos A 
oY K; sin y + K, cos y cos X 





(14) 


ox —cos y sin A 
oZ ~—sCKz sin y + K, cos y cos X 





(15) 


and letting D = (K2 sin y + K, cos y cos A)? the expressions for 
the second partial derivatives are 

o2X 1 (6 +4 cos y) cos* \ + asin? y sin? A cos y 
oY? D (b+ acos y)(K:asin y + K, a cos y cos \) 


(16) 








oZ? D 
ox 


(b + acos y)(K2a sin y + K,a cos ¥ cos \) 
_1 K, sin X cos A (b + a cos y) — (Kz sin ¥ cos ¥ cos \ + K, cos* y)(a sin ¥ sin A) 


(17) 





ayoz. D 


AY and AZ values is found. All six of these differences are 
squared and the results summed. By partially differentiating 
this sum of squares €7 with respect to the unknown parameters 
,, G2, and a3, three equations 
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(b + acos y)(Kz: asin y + K,a cos y cos X) 


(18) 


Inserting the appropriate y, \ values associated with the first 
approximation point allows the calculation of the required },, be, 
bs, b4, and b; coefficients. 
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DISCUSSION 
W. W. Kuyper® 


These papers‘ describe a significant step both in the art of 
manufacturing steam turbine buckets and of building numerically 
controlled machine tools. The work of the authors is a further 
growth beyond the recent developments in skin mills and spar 
mills, and other contouring machines. It will, in turn, show the 
way for other applications of computers and numerical controls 
to the machining of metals. 

The geometry of turbine buckets with the necessary taper, 
twist, and reinforcing pads for tie-wires, tends to be complex. 
This geometry, added to the accuracy required, leads to an 
analytical and computer programming problem of major propor- 
tions. Its satisfactory solution is gratifying indeed. The fact 
that the inherent high accuracy and effectiveness of the system 
appears to be achieved is a credit to all concerned in this effort. 

It is difficult to escape the impression that numerically con- 
trolled machining has now come of age. The period of rapid and 
awkward growth is largely behind; the period of maturity, of 
full development in many directions, and of major usefulness, is 
ahead. 


George Yaremkevych° 


The purpose of the paper presented is to illustrate the method of 
preparing numerical controls for cutting a turbine bucket with a 
toroidally shaped cutter. The toroidal cutter has to osculate the 
bucket in at least second degree. Therefore, the center of the 
cutter has to be led along a specific line whose co-ordinates have 
to be evaluated for subsequent transfer to a tape. 

The surface to be cut is not defined by a mathematical equa- 
tion, merely thought of as consisting of small overlapping areas 
with borders sufficiently apart or as a total of thin cross sections. 
The equations of cutter surface given in the paper are easily 
verified by Fig. 6. ' 

The author introduces into his consideration a specific curve 
which he calls “extremum curve” with an equation \ = 3(y — 
m/2). This particular “embankment curve” was chosen out of 
all possible curves on the toroidal surface because it meets some 
other specific demands arising during the designing process. 
It is an algebraic curve which winds itself 3 times around the 


’ Engineering Manager, Turbine Division, General Electric Com- 
pany, Schenectady, N. Y. Mem. ASME. 

‘ This discussion refers to this paper and also the paper by R. H. 
Wilke and D. Rubio, ‘‘Automatic Milling of Steam-Turbine Buckets.” 

5 The Warner & Swasey Company, Cleveland, Ohio. 
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surface touching in one point the surface of the bucket. The 
theory of the curve is rather complicated and leads to the follow- 
ing expressions of its curvature at current point: 


p? = R*/P? 
where 
R = a* + 9A? 
and 


P? = «(1 + 36 sin? y) + 18 aA cos y + 9a2A%(1 + 9 cos*y + 
36 sin? y) — 8laA* cos y + 729 A‘ 


with A =C + acosy 


This radius of curvature is certainly not the largest one possible 
at the point given, the main normal to the skew curve being not 
coincident with the normal of the surface. 

The author now proceeds to more detailed computations of the 
path of the center of the cutter. He replaces the surface of 
the cutter by an osculating surface of the second degree 

& f 


2 

— + 2méf + 2aén + af + 2n = 0 
Ri R, 
and seeks for an osculating second degree surface (an ellipsoid or 
paraboloid) for the bucket surface. From a grid of points on this 
surface (which are not expressed analytically, but tabulated, I 
presume) a powerful computing machine is able to get the neces- 
sary data in short time. The cutter has to be placed so that the 
osculating ellipsoid matches the computed one in the current 
point as close as possible. The co-ordinates of the center of the 
cutter will be established from point to point after the computer 
evaluated the coefficients a1, a2, a3, by solving the equations men- 
tioned in the appendix to the subject paper. Those equations 
are by no means short ones, but are facilitated somewhat by the 
relationship between y and A mentioned. All equations have 
to be restricted, of course, to the areas forthcoming in the cutting 
process. 

I consider the paper presented as a very valuable, fine and rare 
specimen of application of differential geometry of curved sur- 
faces to engineering, and I hope it will be of help to many de- 
signers faced with similar problems. 


Author’s Closure 


The author appreciates Mr. Kuyper’s comments on the work 
described in both papers. 

The discussion by Mr. Yaremkevych brings out the salient 
points of the method and thus serves as a good précis of the 
paper. A comment on the selection of the space curve described 
by the constraint relation \ = 3(y — 2/2) is necessary. It is 
possible to describe particular curves on the surface of the toroidal 
cutter, that are extremum in some sense (i.e., the locus of lowest 
points on the cutter relative to the YZ-plane of Fig. 1, or the 
locus of points defined by a tangent cylinder with elements parallel 
to the Y-axis, etc.). In the evolution of the method these ‘‘ex- 
tremum”’ curves were considered, but due to the nature of the 
parts to be machined, no great advantage could be attributed to 
any single curve. The \ = 3(y — 7/2) curve had the desirable 
advantages that: 1 It is a curve that is almost centered in the 
effective cutting region; 2 computationally, it is far simpler to 
use than the equations describing the curves mentioned in the 
parenthetical remark; and 3 no additional error is introduced by 
its use because of the subsequent Taylor series refinement. 

Mathematically speaking the curve is extremum in no sense, 
although the word extremum was used to convey the idea of an 
outside curve. As Mr. Yaremkevych points out, the words 
“embankment curve” might be more descriptive. 
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An Analysis of Factors Used for 


E. J. WELLAUER 


Director, Research and Development, 
The Falk Corporation, Milwaukee, Wis. 
Mem. ASME 


Strength Rating Helical Gears 


This paper discusses the faciors used to rate the strength of helical-gear teeth by means of 
the fundamental tooth-strength formula developed by the American Gear Manufacturers 
Association's Gear Rating Committee. 


The new approach combines different concepts 


of geometry factors, an improved evaluation of dynamic loads, rational allowable stresses, 
and risk or reliability considered as a statistical probability. In addition, the inclusion 
of the effect of operating error and load-distributing tooth flexibility provides the gear 
engineer with a more accurate means for helical-gear strength rating. 


AGMA Fundamental Stress Formula 


fas basic equation for the bending stress in a gear 


tocth is 


8 W Ko P4 KK, (1) 
; | ES ee 
The relation of calculated stress to allowable stress is 


8,K, r6 
Se (2) 


K7Kp 


The terms in equation (1) are divided into three groups, the 
first of which concerns the load, the second the tooth size, and 
the third the stress distribution. The derivation of the formulas 
and the terms applied to helical gears are given in the Appendix. 

The factors are: 


s, = calculated tensile stress at root of tooth, psi 


W, = transmitted tangential load at operat- 
ing pitch diameter, lb 
Ko overload factor 
| K, dynamic factor 
, P, = transverse diametral pitch 
ee F = net face width, in. 
Siines K, size factor ; 
cs i load-distribution factor 
distribution 
J geometry factor 
84 allowable stress for material and heat- 
treatment, psi 
K, life factor 
Kr temperature factor 
Ke factor of safety 


Load 


Allowable 
stress 


Factors Associated With Load 


Transmitted Load W,. The transmitted load is calculated directly 
from the péwer transmitted by the gear set. These loads cannot 
always be evaluated accurately. When the transmitted load is 
not uniform, consideration should be given not only to the peak 
load and its anticipated number of cycles, but also to inter- 
mediate loads and their number of cycles. The magnitude and to 


Contributed by the Machine Design Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tas American Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
13, 1959. Paper No. 59—A-121. 
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some extent the frequency of application of overloads are 
measured by the overload factor Ko. 

Overload Factor K.. The overload factor makes allowances for 
the roughness or smoothness of operation of both the driving and 
driven apparatus. In determining the overload factor, considera- 
tion should be given to the fact that many drives transmit 
momentary overload torques appreciably greater than those de- 
termined by the nameplate ratings of either the prime mover or 
the driven apparatus. Inertia loading and acceleration forces also 
must be evaluated. In the absence of specific overload factors, 
the values in Table 1 may be used. 

The character of typical commercial drive combinations is 
shown in Table 2. 


Table 1 Overload factors, Ky 
-—Character of load on driven machine—. 
Uniform Moderate shock Heavy shock 
1.00 1.25 1.75 


1.25 1.50 2. 
1.50 1.75 2.25 


Power source 
Uniform 
Light shock 
Medium shock 


Table 2 Typical drive combinations 


Typical examples of power-source character 
Uniform Moderate shock Heavy shock 
Electric-motor tur- Multicylinder inter- Single-cylinder in- 
bine nal-combustion ternal-combus- 
engine tion engine 


Typical example of load character 
Uniform Moderate shock Heavy shock 
Centrifugal blower Lobe-type blower Ore crushers 
Pure liquid agitator Liquid and solid agi- Single-cylinder 
tator compressor 
Belt conveyer (non- Reciprocating con- 
uniform feed) veyer 


Belt conveyer (uni- 
form feed) 


When sufficient reliable field experience is obtained for certain 
gears having similar combinations of mounting and production 
accuracy, it is possible to develop ‘“‘service factors”? which can re- 
place the overload factor, and partially compensate for the factor 
of safety and life factor. Service factors are widely used in 
AGMA Standards [1, 2]! and these can be used as guides. Ifa 
specific service factor is used in place of the overload factor Ko, use 
a value of 1.0 for both Kz and K;,. 

Dynamic Factor K,. The dynamic factor depends on: 


1 Effect of tooth spacing and profile errors. 

2 Effect of pitch line speed and rpm. 

3 Inertia and stiffness of all rotating elements. 
4 Transmitted loads per inch of face. 

5 Tooth stiffness. 


1 Numbers in brackets designate References at end of paper. 
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Fig. 1 


A complex procedure is required to evaluate accurately the 
effect, of dynamic loadings caused by tooth error and elastic 
flexibility. The dynamic factors, as determined by recent tests 
of Niemann and Rettig [3], Attia [4], and Harris [5], seemingly 
show thut the dynamic-load increment increases linearly with the 
velocity unless resonant conditions occur but becomes a lesser 
percentage of the transmitted load as the load increases. The 
effect of the variation in tooth deflection as determined by 
changes in contact length or number of teeth in contact can be as 
important as the dynamic increment caused by the errors con- 
ventionally found in commercial gearing. It is for this reason that 
the design of uniform contact conditions needs attention and 
explains why spur gears with their 1 to 2 tooth-contact variation 
usually develop higher dynamic stresses than helical gears in 
which only a minor contact variation normally exists. An em- 
pirical relation (developed from the spur-gear tests of Niemann 
and Rettig [3]) for helical gears having less than 10 per cent 
contact-length variation from the average is plotted in Fig. 1. 
Its value is 


1 
K, = — 


7 " 
1+ (0.225 xX 10-4 + 60 se) v 


where 

f, = base pitch spacing error, in. 

P = tangential load per inch of face, lb/in. 

v = pitch line velocity, fpm 

If tooth flexibility, accuracy, and loading cannot be estimated 
accurately, use of the following velocity factor has been found 


satisfactory and presumes the gears have been manufactured by 
suitable techniques for the particular operating speeds: 


78 Va 
K, = : 4 
(ie + 7) ‘eg 


Factors Associated With Tooth Size 


The factors concerned with tooth size are the diametral pitch 


and the face width. These are measurable factors but it should 


not be construed that the strength capacity is directly propor- 
tionate. 
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Helical-gear velocity factors 


Factors Associated With Stress Distribution 


The stress-distribution factors require the utmost understand- 
ing to evaluate their magnitude properly. 
Size Factor K,. The size factor depends primarily upon: 
Tooth pitch. 
Diameter of parts. 
Ratio of tooth size to diameter of part. 
Face width. 
Dimensions of maximum stress pattern and gradient of 
stress therein. 
6 Ratio of case-hardened depth to tooth thickness. 
7 Hardenability and heat-treatment of materials. 


That a size factor exists in the performance of materials seems 
evident from numerous service experiences. Horger [6], Lund- 
berg and Palmgren [7], and WADC [8] seem to consider a size 
effect as a reflection of the increasing statistical possibilities of a 
weak spot being encountered as the size of the part or the stressed 
area becomes larger. Uzhiz [9] reports that the stress gradient 
across the sensitive outer layer is important. 

It is the author’s opinion that the size factor may be taken as 
unity for most helical gears, provided that a proper choice of steel 
composition and heat-treatment procedures is made. When 
coarse-pitch, case-hardened teeth are used, it might be desirable 
to derate to reflect the lesser strengthening effect of the sur- 
face compressive stresses developed by the case. With K, equal 
to unity for a 10-diametral pitch gear, a K, of 1.25 might be 
suitable for a 1-diametral pitch case-hardened tooth. 

Load Distribution Factor K,,. The evaluation of this factor is one 
of the newer contributions to gear rating. The load distribution 
factor K,, depends upon: 


1 Misalignment of axes of rotation. 
2 Alignment errors due to tooth inaccuracies. 
3 Elastic deflections of shafts, bearings, and blanks. 


The foregoing errors can combine so that less than the full face- 
width contacts with the mating element or full contact but non- 
uniform loading can result. For large lead deviations corrections 
are sometimes made by tapering the teeth so that a more uniform 
contact condition is secured under load. The deflections of the 
teeth themselves compensate for misalignment by a calculable 
amount: 
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where 


F,, = maximum theoretical face width which would contact 
with load varying from zero at one side of face to a 
maximum at other side 

e = lead deviation between mating teeth, in/in. 
G = stiffness constant, lb/in. lead deviation/in. of face 


then for 
2F 
F F; K, == 
ms; Ay P.. 


Fn 


ce ee 


(7) 


For spur gears, the stiffness constant G was found by Weber 
{10] and Niemann and Rettig [3] to vary from 1.6 x 10° at tip 
contact to 2.41 X 10® at the rolling point. Van Zandt, [11] 
suggests a design value of 1.18 X 108. Dudley [12] reports varia- 
tions of G from 0.5 X 108 to2 x 108. 

The mesh stiffness of helical gears does not undergo the drastic 
change which occurs with spur gears. For helical gears the 
tangential load to just make 100 per cent contact across a face 
width F,, is 
F,.* P: K (8) 


G 
W,= 
t = 20, 


x he 


stiffness constant (suggest 1.2 x 10®) 

total lead deviation, in/in. 

total length of line of action in plane of rotation, in. 

base pitch, in. 

inclination factor compensating tooth stiffness for helix 
angle, based upon Trobojevic [13] 


Using this formula, the load-distribution factor K,, for helicals can 
be determined by Fig. 2. There is reason to believe that, when 
the tooth can be considered as a plate, the K,,-values for lower 
face to tooth-height ratios will be as indicated in Fig. 2(b). 

The amount of lead deviation represents the combined effect 
of helix error of the pinion, helix error of the gear, and the mis- 
alignment of the pinion and gear axes under load. F,, should 
generally exceed F. 

Cognizance should be had of the fact that the operating align- 
ment errors are not always easily evaluated. As a guide, the K,,- 
values in Table 3 have been found typical for commercial gears 
covered by Fig. 2. 

In the manufacture of wide-face helical gears, the errors per 
inch of face across the face width are in some areas partially 
compensated so that a wavelike error rather than a uniformly 
increasing error is present. A stiffness calculation then becomes 
too involved for a practical solution. Under these circumstances, 
special design procedures involving bending and torsional deflec- 
tion are used and correlated with appropriate manufacturing 
techniques. For this type of gear, the K,,-values in Table 4 may 
be used. 

Geometry Factor J. The geometry factor evaluates for stress- 
computing purposes the shape of the tooth, the position at which 
the load is applied, the stress concentration and correction effects, 
and the sharing of load along the contact lines. 

For many years tooth-stress calculations were largely based 
upon the Lewis’ parabolic beam and other modified cantilever- 
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Table 3 Typical K,,-values 
Condition 

Accurate mountings, low bearing clearances, 
minimum elastic deflection, precision gears. 

Less rigid mountings, less accurate gears, con- 
tact across full face 

Accuracy and mounting such that less than full 
face contacts 


Km 
1.1-1.4 
1.5-1.8 


Over 2 to over 4 


Table 4 Guide to load-distribution factor K,, for wide-face helical gears 
Load - distribu- 
tion factor, Km 
ob- 
1.4 at '/; torque 


Ratio of F/d Tooth contact 
{95% face-width contact 
tained at '/; torque 
95% face-width contact ob- 
tained at full torque 


75% face-width contact 
tained at !/; torque 
95% face-width contact ob- 

tained at full torque 


35% face-width contact 
tained at '/; torque 
1.0 or less { 95% face-width contact ob- 
tained at full torque 
20% face-width con*act 
tained at '/; torque 
75% face-width contact 
tained at full torque 


Teeth are crowned 
35% face-width contact at '/; 


torque 
85% face-width contact at fuli 
torque 


1.1 at full torque 
ob- 

1.8 at '/; torque 

1.3 at full torque 
ob- 

2.5 at '/; torque 

1.9 at full torque 
ob- 


ob- 


4.0 at '/; torque 


2.5 at full torque 


2.5 at '/; torque 
1.7 at full torque 


Calculated combined twist and 
bending of pinion not over 
0.001 in. over entire face 

Pinion not over 250 Bhn hard- 
ness 

75% contact obtained at '/; 


torque 
95% contact obtained at full 
torque 


Calculated combined twist and 
bending of pinion not over 
0.0007 in. over entire face 

Pinion not over 350 Bhn 
hardness 

75% contact obtained at '/; 


2.0 at '/; torque 


1.4 at full torque 





2.0 at '/; torque 


| torque 

95% contact obtained at full 
torque 

| 30% contact obtained at */; 
torque 

| 75% contact obtained at full 
| torque 


ste 2 1.4 at full torque 


4.9 at '/; torque 


3.0 at full torque 


| Twist and bending exceeds 
0.001 in. over entire face Caleulate effects 

of deflection 
and either ad- 
just helix angle 
to compensate 
for deflection 
or increase Km 
to allow for 
both misalign- 
ment errors 
{ and deflection 


beam analyses. With the helical type of contact, the theory of 
plates is more suited for certain conditions and has been reported 
by MacGregor [14] and Marin and Shenk [15]. Wellauer and 
Seireg [16] present this approach based upon theoretical analysis 
and experimental verification. 

Different load conditions cause the maximum stress to be 
located at certain positions across the face of the gear tooth. For 
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Lead Error 


12,000 Inches/inch 


10,000 
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10 

Fm 

F 
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h=Tooth Height. 

’ > * 
Fm 
Fig. 2 Helical-gear load-distribution factors 


example, in Fig. 3 are shown three different contact and bending- 
moment conditions for helical gears. 

For specific cases, any one of these three contact conditions 
might be the worst loading condition for the derivation of a tooth- 
form factor. For example, a helical-gear tooth with low axial 
overlap might be considered as a beam loaded obliquely from the 
edge of the face to the tip of the tooth, as in Fig. 3(a). A wider 





Moment 

















(a) (b) 


face width with properly relieved ends might change the system 
to an elastic plate having oblique loading and double buttressing 
to augment the load capacity as in Fig. 3(b). The normal worst 
loading condition using the tooth as a cantilever plate with an 
oblique line of loading is shown in Fig. 3(c). Other variations of 
contact conditions or load distribution across the contact line 
might have to be considered. 

The geometry factor also includes other geometric terms and, 
in the development and use of a particular formula, the various 
functions of the angles may be included in the geometry factor for 
simplicity of computation. It is for this reason that considerable 
care should be taken in using the geometry-factor terms from 
various standards or rating formulas to be sure that they include 
all the factors necessary for the stress calculation. For example, 
the helical geometry factor includes the term cos to permit the 
transverse diametral pitch rather than the normal diametral pitch 
to be used in the stress and power formula. 


For helical gears, a suggested geometry factor is 


_ Y, cos? y 


: Kymy 


form factor for one normal diametral pitch taken at 
most critical loading 


stress correction factor which depends on: 


Effective stress concentration 
Location of load. 

Plasticity effects. 
Residual-stress effects 
Materials-composition effects. 
Surface finish: 

(a) Resulting from gear production. 
(b) Resulting from service. 
Hertz stress effects. 

Size effect. 

End of tooth effects. 

Notch sensitivity. 











(c) 


Fig. 3 Helical-gear contact conditions and bending moment 
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Fig. 4 Helical factor 


load-sharing factor, composed of: 


Profile contact ratio. 

Face-contact ratio. 

Crowning effect. 

Strengthening effect of unloaded ends. 
Intensity of loading along the contact line. 


w = helix angle 
For loading conditions as in Fig. 3(¢c), the form factor is 


1 
v= 10 
coda (15. _ ene 7 
cos d, XC, t. 





where 


values for the helical factor C, are in Fig. 4 
C, = ratio of root bending moment produced by tip load- 
ing to root bending moment produced by same in- 
tensity of loading applied along oblique helical con- 
tact line 
¢, = normal pressure angle 
dry = angle of load application at tip 
t, = tooth thickness at section of critical loading 
X t,2/4h (conventional value obtained from the Lewis 
layout) 


The advantage of equation (10) is that it can make use of the 
widely published data on form factors developed for spur-gear **» 
loading normally used in the Lewis type formula. Importans 
gear applications requiring very accurate results should be com- 
puted individually. 

The stress-correction factors normally used are based upon 
photoelastic studies and unfortunately are mainly useful for the 
spur-gear type of loading. The values used for helical gears must 
reflect the special condition of the oblique line of contact. The 
tip-loading results of Dolan and Broghamer [17] seem reasona- 
ble to accept since the location of the maximum bending moment 
occurs beneath the upper portion of the oblique contact line. 
For narrower faced gears which can be considered as a beam 
having the equivalent load nearer the root, an increased K ,-factor 
might be necessary. 


Emphasis is placed upon the necessity of correcting stress- 
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concentration effects by the notch-sensitivity properties of the 
material. This phenomenon is clearly reflected in gear per- 
formance and can be as much as 25 per cent in increased capacity 
for annealed gears. The data of Sines and Waisman [18] have 
been used successfully. 

It must be recognized that the stress-concentration factor 
varies from one at a few number of cycles to a maximum at ap- 
proximately 10° cycles. The data supplied by Finch [19] have 
been used successfully for gears. 

The load-sharing factor my as applied to helical gears can be 
considered as a measure of the maximum load intensity along the 
lines of oblique contact. 

The average length of contact for helical gears is 


0.95ZF 


Lave = (1 1) 
Pn 


If the load is divided evenly along the lines of contact, my can be 
considered as 


Py 
™N = 0.952 
where Z = length of line of action in plane of rotation, in. 
Various calculations to estimate load sharing have been made 
to compensate for the Hertz contact deflection, and the like. Fig. 
5 shows a typical case which indicates that both the pinion and 
gear deflection can affect the results importantly and, hence, in- 
dividual analysis is required for accurate computation. It is ex- 
pected that my varies between the values py/0.80Z to py/0.95Z. 


et 
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vs 
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BASE PITCH DEFLECTION - INCHES 


PITCH POINT ENO 


CONTACT POSITION 
Fig. 5 Base pitch deflection during various phases of contact 
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Fig. 6 Helical-gear allowable stresses 


Factors Associated With Allowable Stress 


The calculated stress cannot exceed an allowable stress modi- 
fied for the operating temperature, the factor of safety, and the 
number of cycles of load application. 

Allowable Stress s,. The allowable stress for 10,000,000 cycles 
of load application is usually best determined by field experience 
and varies considerably with heat-treatment methods, forming 
techniques, material composition, and metallographic structure. 
Fig. 6 shows suggested values for helical gears, compared to 
probable survival rates of laboratory specimens as reported 
by WADC [8], and also the flexural fatigue limit commonly 
designated as 50 per cent of the tensile strength. 

The maximum value requires exceptionally good material and 
processing. The lower curve is recommended for general design 
purposes, even lower values are sometimes required. 

When the stress is reversed such as occurs with idler gears, 70 
per cent of the suggested values are recommended as being con- 
servative. 

When static or infrequent peak loads are involved, the allowa- 
ble stresses might be selected on the basis of the yield strength 
of the material. A common range for allowable yield stresses is 
between the yield strength divided by 3 and by 4. When yield is 
the governing stress, sometimes the stress-concentration factor is 
not considered as effective. 

Life Factor K,. 
proportional to the load and even the stress concentration varies 
with the number of cycles; therefore, it is evident that determin- 
ing an accurate life factor is difficult. When long life is re- 
quired, consideration must be given to the normal wear of the 
gear and bearings and the effect this might have on contact con- 
ditions. Life data are reported by Wellauer [20] and Coleman, 
Dudley, and Wellauer [21]. 

Table 5 shows values which have been used to adjust the allowa- 
ble stress for the required number of life cycles. The slope of the 


The stress developed in gears is not directly 


Table 5 Helical-gear life factor, K; 


450 Bhn max 
3.0-4.0 
2.0-2.6 

100000 1.6-1.80 

1 million. Oe 

10 million Sa. aed wah Oe 

100 million. 1.0-0.9 


210 


Case-carburized 
7 


) 


No. of cycles 
1000 
10000. 


i bO 
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curve in the finite region will vary with the material, hardness, 
and heat-treatment, the lower values being applicable to the 
lower hardnesses. 

When a gear set is to be operated at varying loads and number 
of cycles, the author’s experience seems to indicate that the load- 
ings beneath the endurance limit do not contribute to a decreased 
life. The exact point at which accumulative fatigue damage to 
gears occurs is not yet well established. 

Factor of Safety Kp. An increasing awareness of the spread or 
scatter of material properties and the similar performance of 
actual machine elements subjected to fatigue stress have brought 
about a wider scope of meaning to the term ‘‘factor of safety.” 
The old concept of factor of safety to guard against any possible 
failure, or to cover ignorance, must accommodate modern notions 
regarding risk or reliability as related to percentages of failure. 
Wellauer [22] indicated a rational basis upon which to select a 
factor of safety. The values in Table 6 seem reasonable. Failure 
in this table does not mean immediate fracture by the applied 
load, but rather a shorter life than expected. 


Table 6 Helical-gear factor of safety, Kp 


Requirements of application 
High reliability 

Fewer than 1 failure in 100 
Fewer than 1 failure in 3 


Factor of safety 


1.50-3.00 
1.00-1.25 
0.70-0.80 


Temperature Factor K,. Temperature can affect helical-gear 
capacity by its tempering effect on the material, lowering of the 
properties, and by distorting the blank or teeth. For most helical 
gears, no correction is required if the blank temperature does not 
exceed 250 F, and K> is then used as 1. Case-carburized gears 
operating above 160 F might require a correction. If accurate 
data are not available, the following correction used for bevel 
gears might be satisfactory: 

, 460 + Tr 
ik. 
620 
where 7’, = peak operating temperature of oil, deg F. 


(12) 


Conclusions 


This paper indicates the complex selection of factors required to 
evaluate the strength of helical-gear teeth accurately. Some of 
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the factors are not evaluated accurately, some are even under- 
stood imperfectly. Therefore, the engineer must judge his com- 
putations critically on the basis of the validity of the assumptions 
used for operating accuracy, allowable stresses, dynamic loadings, 
and similar factors. 

The factors and coefficients discussed in this paper are known 
to directly affect helical-gear-tooth strength. These factors can 
be simplified to develop design formulas. 

An awareness of these factors can be employed usefully to in- 
terpret field and laboratory experiences as well as to lead to more 
precise evaluations of the variable. 
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APPENDIX 
Simplified Derivation of Strength Formula 
for Helical-Gear Teeth 
In a beam or plate the maximum stress is computed as follows: 
6m 
re 
where 
m = moment lb-in. per in. of width 
t = thickness at section of maximum stress 


For a spur gear—(0-deg helical angle) 
Wh 


paxctls: <. 


= transmitted tangential load force 
face width 
moment arm 


W 6h 
Fe 


The term t?/6h can be expanded to a form factor (designated Y). 
In this derivation it will be combined with other geometrically 
dependent parameters and called a geometry factor (designated 
J). Form factors and geometry factors are conventionally de- 
termined for unity P, and for any particular pitch: 


WPa 


eae 


In helical gearing, instead of the tangential load W,, the load 
in normal plane is used. 


W, 
cos 


W,= 


where W,, = tangential load in the normal plane. 

Instead of the load being distributed along the line of contact 
equal to net face width F, it is distributed along a minimum length 
of contact: 

0.95FZ 


Pn 


where 


Lmin = minimum contact length 
Z = length of line of action in plane of rotation 
Py = normal base pitch 


The form factor Y,, for helical gears is based on the normal tooth 
section for the virtual number of teeth at a normal diametral 
pitch of unity: 
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set Wy 8, 0.95FZ Y, 
"cos K pyP na 
where 
8, calculated stress, psi 

K, stress concentration factor 
normal diametral pitch 
load sharing ratio 
Py/0.95Z 
P,/cos y 
transverse diametral pitch 

= geometry factor 


Y,, cos? y 


Kymy 


W, = sPY, cos? p 
oui myK,P, 


W,= 8 FJ 

Pe 
Rearranging terms and adding the modifying terms developed by 
the AGMA Gear Rating Committee results in the final equation: 


_ W.Ko P, KK, 
a0 a ore 


8; 


‘aa, ee 
. A. MOrTIs 


This paper is a very excellent presentation of the many factors 
involved in determining the strength of helical gear teeth. 
Tremendous quantities of data have been considered, analyzed, 
and studied as a background for this paper. The author has 
ably pointed up the problem and in most cases offered the de- 
signer a workable solution with recommendations for the applica- 
tion of generally suitable factors. The suggested reliability 
numbers related to factor of safety are helpful and courageous. 

All the factors mentioned have their impact on the prophesying 
and predicting of gear life and reliability, but necessarily must be 
integrated with additional factors before the final gear selection 
can be determined. 

In agreement with the author, I must also emphasize that con- 
siderably more data must be obtained and carefully analyzed 
before final values can be placed on each of the factors. Funds 
are needed but have not been available for engineers to thoroughly 
research and analyze this subject. However with the advance of 
technology and the availability of high-speed computers, more 
thorough investigations can be made into the many variables 
affecting gear mesh dynamics and geometry. The gear mesh 
regime as pointed out by the author is not fully understood and 
catalogued. 

The mechanical engineer who is not a trained gear specialist is 
advised to carefully consider the author’s statements in this paper. 
These statements necessarily had to be brief, but they encompass 
large amounts of experience, calculation, and investigation of 
gear engineering principles. 


? Manager of Engineering, Western Gear Corporation, Lynwood, 


Calif. Mem. ASME, 
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Mr. Wellauer has been working with this problem for many 
years and has recently been co-ordinating the activities of the 
AGMA Gear Rating Committee. He has been careful to defi- 
nitely state those areas which are based on experience and those 
which are based on opinion. For this frankness, he should be 
commended highly. 

This paper as presented is another useful tool to the gear en- 
gineer, while pointing out direction for further investigations and 
analytical work in the field of strength rating of helical gears. 


W. P. Welch® 


The paper is a thorough and able presentation of the factors 
affecting the strength of helical gears. The following comments 
are based on the writer’s experience with wide-face high-power 
high-speed helical gears. 

Dynamic effects per se are not of great importance in accurately 
cut high-speed helical gears, as contrasted with subtle thermal 
effects and distortions due to centrifugal forces, these being of 
more importance by an order of magnitude. For these reasons, 
we would not apply the velocity factors of Fig. 1 to this class of 
gearing. Instead we would use a factor of 1.0. 

Table 4, a guide to load-distribution factors for wide-face helica 
gears, is a very fine contribution and should provide a good basis 
for the development of standards for tooth marking. The fact 
that K,, is shown higher for partial loads of one third torque em- 
phasizes two factors: 


(a) Heavily loaded gears should always be marked at partial 
loads to assure good alignment and tooth geometry. 

(b) Good marking at full power does not assure good align- 
ment for heavily loaded gears, and, conversely, misalignment is 
relatively more serious in lightly loaded gears than in heavily 
loaded gears, provided both gear sets are designed with the same 
nominal factor of safety. 


The helical gear load distribution factors of Fig. 2 are very use- 
ful but should be extended to at least C, = 100,000 to be appli- 
cable to wide-faced helical gears. 

The helical factors (or “diagonal loading factors’’) of Fig. 4 
should always be applied when an accurate calculation of tooth 
stress in a helical gear is to be made. These factors should not 
be based on the worst case of loading, Fig. 3(c), for wide-faced 
gears, since the greater flexibility of the tooth ends does not allow 
the load to be uniform to the tip end of the contact line as por- 
trayed in Fig. 3(c). In this connection, we would like the author’s 
comments on what consists of “properly relieved ends,’’ as ref- 
erenced on the top line of page 208, since a good theoretical case 
can be made for not relieving the tooth ends, if one considers the 
enhanced flexibility of the end of the tooth in contrast to that of 
an infinitely long tooth. 


Author’s Closure 


The author wishes to thank those who so kindly offered verbal. 
and written discussions. 

To Mr. Welch’s statement that Fig. 2 should be extended to 
C, = 100,000, the author agrees. Data someday should be: 
available to extend the curve to these higher values. 

By “properly relieved ends’’ is meant a relief of load either: 
by dimensional modifications or inherent flexibility controlled 
by design. 

3 Manager, Gearing Section, Marine Products Engineering, West-- 
inghouse Electric Corporation, Lester, Pa. Mem. ASME, 
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by Cantilever-Plate Theory 


This paper presents a study of the bending strength of gear teeth based on a cantilever- 
plate approach. A semiempirical solution is given for the finite cantilever plate under 
transverse loads at any location on its surface. 
principle of superposition and a proposed moment-image method showed good agree- 
ment with results from strain-gage investigations on cantilever plates simulating the 


The solution which is based on the 


gear tooth. The effects of the position of the line load and the variation of load intensity 
on the stress distribution at the root are discussed. 


Tas WELL-KNOWN LEWIS FORMULA for gear teeth 
[1]! arrives at the fillet stress from a consideration of the bend- 
ing of the tooth as a cantilever beam. Lewis assumed that the 
critical section of the tooth-shaped beam can be determined by 
the point of tangency of this beam with a hypothetical constant- 
stress beam represented by a parabola plotted on the center line 
of the tooth with its vertex on the load line. 

With the development of the photoelastic technique, the 
Lewis approach was found to be in error. This was expected be- 
cause of its violation of Saint Venant’s principle which indicates 
that the elementary beam theory can only be applied for sections 
of the beam at distances from both the load and the support 
which are large in comparison to the depth of the beam. Both 
the magnitude and the location of the maximum stress as sug- 
gested by Lewis were found to be inaccurate, and several em- 
pirical methods were introduced for calculating a maximum 
stress in agreement with the photoelastic findings. Some of the 
earlier methods (Black [2], Dolan and Broghamer [3], and others) 
retained the classical Lewis construction and provided modifica- 
tions on it; while the most recent ones disregarded completely 
the Lewis approach (Heywood [4], Jacobson [5], Glaubitz [6], 
Kelley and Pedersen [7]). 

Most of the available data on tooth strength are based on ex- 
periments with thin models having the load applied normal to the 
tooth curvature and parallel to the edge. In other words, they 
are based on the assumption of uniform bending-moment dis- 
tribution at the root. However, it is well known that the tooth 
face in practice is usually of considerable length and that the 
conditions of loading are such that nonuniform bending-moment 
distribution is expected at the tooth root. The cantilever-beam 
approach is, therefore, no longer justified for these cases. 

In the following work, a cantilever-plate approach to the gear- 
strength problem will be considered. The approach is general in 
nature and can be applied to spur, helical, bevel, or worm gears. 
The answer is formulated so that it can take advantage of the 
accumulated experimental knowledge on fillet stresses. 


The Cantilever Plate 


The treatment of the gear tooth as a cantilever plate was first 
published by MacGregor [8] who applied the theory of elasticity 
to obtain an exact solution for the deflection along the free edge 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Machine Design Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of THe American Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 24, 
1959. Paper No. 59—A-50. 
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and the moments at the clamped edge for a thin plate with in- 
finite length loaded by a force acting perpendicularly to the plane 
of the plate and concentrated in a single point on the outer edge. 
Because of the complicated Fourier integrals representing the 
deflection of the plate, the calculation of the deflections and 
moments were obtained only at the critical points. 

Holl [9] used the method of finite differences to obtain an ap- 
proximate solution for the moments and deflections in a cantilever 
plate of finite length. By choosing the length of the plate equal 
to four times its width, the difficult boundary conditions at the 
free corners were considered in the solution. The plate was 
divided into square nets of width equal to half the width of the 
plate and 41 differential equations were solved simultaneously to 
obtain approximate values of the bending moments at all points 
of the plate surface. 

Jaramillo [10] obtained exact solutions in terms of improper 
integrals for the deflections and moments due to a transverse 
concentrated load acting at any arbitrary point of an infinitely 
long plate (see Appendix). The solution gave the same value as 
obtained by MacGregor for the case of edge loading. For any 
position of the load, the value of the maximum bending moment 
at the fixed edge was found to be independent of the absolute 
width of the plate or the absolute normal distance between the 
load and the fixed edge, and was only dependent on their relative 
value. 

In all previous attempts, solutions were obtained for thin 
cantilever plates loaded by a transverse load acting in the middle 
section of the plate. However, in gear problems, the loading can 
be expected on any point of the tooth surface, including the 
very difficult corner point. A mathematical solution of the 
moment distribution along the fixed edge of a cantilever plate 
with finite length, loaded at points away from the central plane 
is not available and would be a very difficult undertaking in the 
theory of elasticity. 

An experimental evaluation of this problem was attempted by 
Vartak [11] on steel plates with dimensions (96 X 24 X 0.13 in.) 
and (36 X 6 X 0.13 in.). The strains at the fixed edge in the 
direction of the overhung load were measured by electric strain 
gages. The first plate yielded large deflections (in the order of 
31/2 times the thickness). Therefore only the results from the 
second plate (where the maximum deflection was about '/; the 
thickness) are of interest here. 

In this work a semiempirical solution is given for the cantilever- 
plate problem under transverse loads on any location on 
the plate surface. This solution, which is based on the work of 
MacGregor, Holl, and Jaramillo, was found to be in general 
agreement with the experimental data of Vartak on thin plates 
and the tests performed at The Falk Corporation on a thick plate 
whose thickness is in the same order as its width. 
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Fig. 1 


The Semiempirical Solution 

Considering a plate of infinite length, Fig. 1(a), with width h 
and thickness ¢, the bending-moment distribution at the fixed 
edge is known for any transverse load in the plane 1-1. Taking 
the edge load P as an example, the moment distribution at the 
fixed edge will be as shown by the curve abc. 

Now assuming that the plate is cut along the central plane 1-1 
and that the load is now applied at the corner of the left-hand por- 
tion of the plate. Therefore the moment distribution at its fixed 
edge has to be changed to accommodate for the fixation moment 
which was carried by the right-hand part of the plate. By as- 
suming that this extra moment is superimposed on the original 
part of the moment diagram ab as the exact image of the nonexist- 
ing part (be in this case), therefore the moment distribution due 
to a corner load can be easily obtained, Fig. 1(b). This procedure 
of moment images can be used to obtain the moment distribution 
when the load P is at any finite distance y from the corner of the 
plate as shown in Fig. 1(c). 

Although this approach may disturb the orthodox mathema- 
tician, the experimental agreement makes it a very simple em- 
pirical solution which can be used with enough accuracy for prac- 
tical engineering purposes. 

Knowing that the cantilever-plate problem is a linear problem 
where superposition can be applied, the moment distribution at 
the fixed edge due to any type of transverse loading on a finite 
length of the plate can be readily obtained. 

Examples. The case of a load uniformly distributed along the 
free edge of a finite plate is first considered as a check to the 
validity of the method. By assuming that the plate, Fig. 2, ex- 
tends infinitely on both sides of the finite load line ab, dividing 
the load into small increments and applying superposition and 
the moment-image method, a uniform moment distribution is ob- 
tained as expected at the clamped edge of the finite plate, whose 
length is equal to ab. 

Several examples which can be of use in gear design are calcu- 
lated and shown in Figs. 7(a) to 10(a). 


Tests 


An experimental investigation of the problem was performed. 
Two test models cut from solid pieces of steel were used in the in- 
vestigation. The first, Fig. 3, represents a thick cantilever plate 
whose dimensions are 12 X 2!/, X 2in. with a '/,-in. fillet at the 
fixed edge. The second, Fig. 4, represents a rack tooth with 22- 
deg pressure angle cut in the steel block in such a manner that the 
loaded surface is horizontal, therefore avoiding the problem of 
loading and supporting the model. 

Rectangular rosettes were used to measure the strain and were 
formed of individual electric-resistance strain gages with !/;-in. 
active length. The rosettes were placed 2 in. apart along the root 
214 
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The moment-image method 
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Fig.2 Moment distribution at the clamped edge of a cantilever plate with 
uniform loading on the free edge 


Fig. 3 Thick cantilever plate 
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of the cantilevers on the flat surface at the junction with the 
fillet. 

The Loading Device. The test models were loaded in a 25-ton 
Olsen Machine. The point loads were applied with a steel ball, 
1/,in.in diameter. A special device, Fig. 5, was designed in order 
to insure uniform load distribution for the case of line loads. 
This device was made of built-up blocks supported on pins. A 
copper wire 1/; in. in diameter was placed on the test model 
underneath the loading blocks to define the position of the load 
line and to accommodate for any localized deflection or high 
points. This arrangement was found to insure uniform dis- 
tribution within +5 per cent on a 12-in. line. 

Procedure and Results. Point loads were applied at several points 
along the free edge of the first model including the corner point. 
The test results are shown in Fig. 6. Line loads were also applied 
at inclination angles of 10, 20, and 90 deg from the free edge of 
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the plate with the load line ending at the corner and near the cen- 
ter of the plate in each case. 

The tooth-shaped plate was loaded at different positions on its 
surface with uniform line loads varying from 1 to 12 in. in length 
and with inclination angles from 0 to 90 deg. 

In plotting the test results, the moments M, were considered 
in all cases to be proportional to the strain e, measured in the 
direction perpendicular to the fixed edge. Under the loading 
conditions given in Figs. 7, 8, and 9 the results were plotted in 
terms of an inclination factor C which is defined by the ratio of 
the strain reading e, under a particular type of loading to the 
corresponding value under a condition of full line load at the free 
edge, provided that the load intensity is kept constant. For the 
loading conditions shown in Fig. 10, the results were plotted in 
such a manner as to illustrate the effect of the length and position 
of contact line on the moment distribution at the root due to a 
total load P applied at the tip of the tooth. The given moment 
relationships were obtained from the strain readings e, in each 
case as compared to the corresponding e, due to a full-load line 
at the tip under the same total load. 

In converting the strain readings into moments for all the re- 
ported conditions, it was assumed that M, = uM, at all points 
from which 


o, = uO, 


(1 — #*)e, 


z E 


6(1 — 4?) 
=——_-M 
Et : 


moment per unit length in the x and y-directions 
stresses in the z and y-directions 
= strain in the z-direction 
Poisson’s ratio 
modulus of elasticity 
plate thickness at the considered section 


Fig. 5 Test setup 
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Fig. 6 Moment distribution at the fixed edge due to a concentrated load 
P at different points of the free edge 























The principal stresses and their inclinaticn to the fixed edge 
were calculated from the strain measurements. It was noticed 
at the point of maximum strain that the direction of the principal 
stress is between 0 and 15 deg from the normal to the fixed edge 
for the loading conditions considered in the test. It was also 
found that the magnitude of the principal stress at all critical 
points is 10 to 20 per cent higher than the value of Ee, or, in 
other words, it is from 0 to 10 per cent higher than the value of 
o, defined by 


6M, Ee, 


«, = ae 
e = BF) 


x 


Effect of Nonuniformity of Load Distribution 


The bending-moment distribution at the root of a gear tooth 
can be easily obtained by using the suggested method if the load 
distribution on the contact line is known beforehand. It is well 
known that the load distribution is generally nonuniform over 
the faces of two gears in mesh due to the machining and as- 
sembling errors and the elasticity of the gears and their mount- 
ings. Several investigations have been conducted to predict the 
load distribution in both spur and helical gears (Niemann [12], 
Van Zandt [13], Ménch and Roy [14], Trbojevic [15], and 
others) and this phase of the gear problem will not be included in 
this paper. 2 

However, in order to demonstrate the effect of the variable 
load intensity on the bending distribution at the tooth root, some 
hypothetical cases are assumed to represent extreme conditions 
of maldistribution in both spur and helical gears. These cases 
are shown in Figs. 11 and 12. 
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The Spur-Gear Tooth 


It can be easily seen that the cantilever-beam approach can 
only be applied to spur gears if the load distribution along the 
total face width is known to be uniform. A general equation for 
the maximum bending stress in a spur tooth under a condition of 
tip loading can be written as 


or in the familiar form 


W, 
S, = fe F Y 


total normal load on the tooth 
total tangential load on the tooth 
face width 
= tooth height to the critical section 
tooth thickness at the critical section 
diametral pitch 
stress-concentration factor 
= moment-distribution factor 
= ratio between maximum moment and the average 
moment over the total face width 
a geometry factor which combines the effect of tooth 
form, the stress concentration, and the nonsym- 
metrical stress distribution at the critical section 
due to the pressure angle—this factor has been dis- 
cussed extensively in the literature and several em- 
pirical formulas are available, [2] to [7], [16], [17] 
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Fig. 7 Moment distribution at the fixed edge for different positions of 
load line with 12-deg inclination angle 
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Fig. 9 Effect of inclination angle on the moment distribution at the root 


Fig. 8 Effect of inclination angle on the moment distribution at the root 
(load line starting at the corner) 


(load line away from the corner) 
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Fig. 10 Effect of different types of tip loading on bending distribution at the root of spur gears; total load = 
Pin all cases. Load uniformly distributed. 
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Fig. 11 Effect of different types of tip loading on ding t 
distribution at the root of spur gears. Load changing from maximum at 


ato zero at b (theoretical). Total load = Pin all cases. 
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Fig. 12 Effect of different types of loading on the bending-moment 
distribution at the root of a helical gear with 12-deg 11-min inclination 
angle 


-Corner Loading 


AVERAGE MOMENT 


Face width F = 6xtooth height “h 


ee By calculation 
e@ Experimenta! 


MAXIMUM MOMENT 


Km - 


<Central Loading 


3h ah sh 


Length of load line 
(a) 


_dietrilast 


Some examples of the K,, factor obtained for the hypothetical 
load conditions of Figs. 10 and 11 are given in Figs. 13(a) and 
13(0). 

It should be noted that a practical gear-strength rating 
formula would include additional factors to account for the effect 
of errors, speed, tooth size, and so on. 


The Helical-Gear Tooth 


While in the case of spur gears the load line is always parallel to 
the free edge of the tooth; it crosses the helical-gear surface 
diagonally at an inclination from the tooth edge given by the 
following relationship 


tan pv 


tan y sin @,, 
where 
v inclination angle 
y helix angle 
dy, normal pressure angle 


Assuming a uniform load distribution over the total leagth of 
contact, the maximum load intensity during one mesh cycle can 
be given by 


WwW 


q. * i 


where 
fe total transmitted normal load 
L,, minimum length of contact during the mesh cycle 
0.95 FZ : : 
——— approximately for well-designed gears 
Pn 
Fmy 


load-sharing factor 

PF 
Z 
Pn 


face width 
length of line of action 
normal base pitch 


The bending distribution at the root can be easily obtained 
and the maximum bending moment per unit length along the 
root can be written as 


M (maximum) = Cq,h 


where C is a reduction factor due to the inclination of the load 
line. The value of C was calculated for the critical load position 
shown in Fig. 14(a) for inclination angles changing from 0 to 
90 deg. These values which are given as a function of the angle 
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Fig. 14(b) Line of contact inclination factor C 


v in the figure are plotted in terms of the helix and normal pres- 
sure angles in Fig. 14(6). 

The maximum bending stress due to the transmitted load can, 
therefore, be written as 


S, = Cq,h/Z, 


where Z, is an equivalent modulus in bending for the critical 
tooth section per unit length, or in the familiar form 


S,=C We fen 
Fmy Y cos? 

where Y is a geometry factor obtained in the normal plane. This 
factor which is the same as for spur gears accounts for the effects 
of the tooth form, the pressure angle, and the stress concentration 
at the root. Dynamic factors, size factors, and so forth, are also 
used for practical rating of helical gears. 


The Wildhaber-Novikov Gearing 


The cantilever-plate approach is particularly useful in analyz- 
ing strength of gears employing unusual or extreme conditions 
of loading as in the Wildhaber-Novikov gearing. This gearing 
system which is being widely introduced in the USSR at the 
present time was developed independently by E. Wildhaber in 
1923 [18] and Novikov in 1954 [19]. In this type of gearing, the 
load line crosses the tooth surface at a 90-deg inclination to the 
free edge at any phase of the engagement. 

The tooth was treated as a cantilever beam in the Russian litera- 
ture [20]. In other words, the maximum bending moment at the 
root was considered to be directly proportional to the moment 
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Fig. 15 distribution at the root for different positions 
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arm (or tooth height). However, in view of the previous analysis, 
the problem can be better treated as a thick cantilever plate 
where the load line is perpendicular to the free edge. The maxi- 
mum bending moment at the fixed edge would be a function of 
the load only and independent of the tooth height provided that 
it does not exceed '/; the face width. Examples of the moment 
distribution at the root due to different positions of the load line 
are given in Fig. 15. 


Conelusion 


1 A cantilever-plate approach is necessary for rational evalua- 
tion of the bending strength of gear teeth with face width con- 
siderably larger than the height. This approach which was ap- 
plied to spur, helical, and Wildhaber-Novikov gearing is also 
applicable to bevel and worm gears when the load position and 
distribution on the tooth surface are known. 

2 The proposed semiempirical solution of the finite cantilever- 
plate problem checked closely with the experimental data of 
Vartak on a thin plate and the performed tests on thick and 
tooth-shaped plates. 


3 Superposition and the proposed moment-image method can 
be applied satisfactorily in finite cantilever-plate problems under 
any type of lateral loads. 
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Fig. 16 Bending-moment distribution for a cantilever plate with infinite 
length (Jaramillo) 


APPENDIX 


Jaramillo’s solution for the moments at the fixed edge of an 
infinite cantilever plate due to a concentrated load acting on an 
arbitrary point on its surface is given in Fig. 16. 


DISCUSSION 
C. W. Bert? 


The authors are to be commended for their worth-while ex- 
perimental work and for their correlation of cantilever-plate 
theory as applied to long gear teeth. This work is another step 
forward in the important problem of the analysis of stresses and 
deflections of gear teeth of practical configuration and dimensions. 


2 Department of Engineering Mechanics, The Ohio State Univer- 
sity, Columbus, Ohio. Assoc. Mem. ASME, 
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The theoretical analysis of an actual gear tooth is complicated 
because it is a three-dimensional body having variable thickness 
and usually having dimensions of the same order of magnitude in 
each direction. Thus it is usually too wide to be considered as a 
cantilever beam and too thick to be approximated by a canti- 
lever plate. Further complications in making an exact analysis 
arise because it is actually elastically supported rather than 
rigidly clamped at the root. 

For gear teeth with short face widths (i.e., lightly-loaded in- 
strument gears), there is no reason why the cantilever-beam ap- 
proach should not be adequate. 

As was stated by the authors, the cantilever-beam approach is 
not satisfactory for highly-loaded power-transmission gears. 
However, the application of constant-thickness plate theory to 
this case also leaves a lot to be desired. In connection with 
consideration of the effect of tooth-thickness variation, a theo- 
retical analysis conducted by Conway and recently published 
in Germany (but written in English) is of considerable interest.* 
He considered an infinitely long, variable-thickness, cantilever 
plate loaded by a concentrated force; this is the variable-thick- 
ness version of the constant-thickness analysis conducted by 
MacGregor [8]. Conway formulated the problem with applica- 
tion to gear teeth in mind and thus provided for parametric rep- 
resentation of various kinds of gear-tooth geometrical configura- 
tions. It would be interesting to compare Conway’s theoretical 
results with the experimental results obtained by the authors. 

In connection with the effect of load eccentricity on the stress 
and deflections of gear teeth, the approximate analysis of Marin 
and Shenk‘ is of interest. 


J. F. Boron? 


1 This is a very excellent paper with much useful data ap- 
plicable to spur as well as helical gear design. 

2 The tooth bending stress formula presented for helical gear 
design is similar to that proposed and used by Westinghouse 
in that the bending stress is calculated as a tip loaded cantilever 
plate, as per Lewis equation, then multiplied by the contact 
inclination factor (or what we call the diagonal loading factor). 

3 The value of the contact inclination factor presented is 
slightly higher than that used by Westinghouse. See compari- 
son for a 15-deg pressure angle tooth. 


Helix Falk 
angle factor 
0 1.0 
10 0.89 
20 0.81 
30 0.75 
45 0.66 


Per cent 
difference 


Westinghouse 
factor 


The main reason for the difference in the Falk factor is based 
on the worst load position, or tooth end loading shown in Fig. 
14(a), while the Westinghouse factor is based on mid-tooth load- 
ing. A comparison of these loadings is seen in Fig. 12. The as- 
sumption of end tooth loading for accurate helical gears is unduly 
pessimistic since the tooth ends are more flexible than their 
centers. 

4 Fig. 12 which compares the tooth root bending moment 
with several types of loadings would be more useful if the various 
cases were based on equal total tooth loads rather than equal 
peak loads as done for the spur tooth loading in Fig. 10. 

5 To show that the static tooth load analyses, both theoretical 


’ H. D. Conway, “The Flexure of Infinite Rectangular Plates of 
Varying Thickness,”’ Ingenieur-Archiv, vol. 26, 1958, pp. 143-145. 

4Joseph Marin and R. H. Shenk, “Stresses and Deflections in 
Eccentrically Loaded Gear Teeth,’’” ASME Paper No. 54—A-79. 

5 Design Engineer, Westinghouse Electric Corporation, Phila- 
delphia, Pa. 
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STRESS - TIME DIAGRAM 
Fig. 17 


and experimental, as described in this paper are acceptable for 
comparison of stresses and strains in gear teeth under high-speed 
operation, Fig. 17 shows ar oscilloscope signal representing strain 
of a loaded pinion tooth under high-speed operation as a function 
of time. This photograph has been taken during high-speed op- 
eration of our laboratory high-speed gear test. Note the smooth 
approach and recession of the strain diagram during the instant 
of mesh. Also note the asymmetrical shape of the signal due to 
the inclined load on the pinion tooth. 


Allan H. Candee® 


The writer will point out what he sees in the new and helpful 
idea presented in this paper, and its relation to the idea con- 
tributed by Wilfred Lewis almost seventy years ago. 

It is stated in the paper that “the location of maximum stress 
as suggested by Lewis. . .was found to be inaccurate.’ This is 
contrary to what the writer found in measurements made on a 
considerable number of photoelastic stress patterns obtained by 
Dolan and Broghamer, in which the position of maximum stress 
came surprisingly close to the point of tangency of the Lewis 
parabola with the fillet curve in the gear-tooth outline. 

Furthermore, in the publication entitled “(Coordinated Rating 
for the Strength of Gear Teeth,” a Symposium sponsored by the 
American Gear Manufacturers Association Gear Rating Coord- 
inating Committee, E. J. Wellauer, Chairman, 1956, it is shown 
that the geometry factor Y which appears in equations of the 
present paper is based upon the position of maximum stress as 
determined graphically by the method described by Lewis in 
1892. 

Also, the following line appears on page 209 of the accompanying 
Paper No. 59—A-121, by E. J. Wellauer (pp. 205-212, this issue): 
“X = t,,2/4h (conventional value obtained from the Lewis layout)” 

What Lewis did was to provide a practical method of determin- 
ing the point of maximum stress in the profile of a gear tooth. 
Later, the photoelastic method of showing stress patterns was 
developed, and that method enables us to determine the ratio of 
maximum stress to the value estimated by assuming linear varia- 
tion of stress from a neutral axis of flexure outward to the sur- 
face of the tooth. The ratio is usually termed a stress concen- 
tration factor; and Dolan and Broghamer provided the most ex- 
tensive information so far about such factors for the cross sec- 
tions of gear teeth. 

The present paper gives us what seems to be a very practical 
way to determine the stress variation and the position of maxi- 
mum stress along the length of a straight gear tooth, when the 
load is concentrated at a point and also when it is applied on lines 
of contact of various lengths and at various inclinations and 
positions. 

In the reported experimental investigation the values meas- 
ured were of strain. The gear designer customarily uses stress 
in his estimates; and stress is considered to be directly propor- 


® Rochester, N. Y. Fellow ASME, 
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tional to strain. It therefore seems unnecessary to bring bend- 
ing moment into consideration also. 

It is suggested that the term for the values in the charts could 
be longitudinal stress factor. 

The treatment in the paper is directed entirely to teeth that 
are straight and of constant cross section for end to end. Ad- 
ditional consideration seems called for in the case of a tooth that 
increases in size from one end to the other (as in a straight bevel 
gear), and to a tooth that in addition is curved (as in a spiral 
bevel gear). And even a tooth of a helical pinion, that wraps 
partly around a cylindrical base, would seem to be inherently 
stronger than a straight tooth. 

The authors deserve the thanks of gear engineers for their 
very practical way of treating the question of stress variation 
lengthwise of a gear tooth, and for the values obtained in their 
experiments, to be used in estimating maximum stress. 


T. R. Rideout’ 


This paper is a notable contribution to the art of gear design. 
The method devised by the authors for determining moments 
by the superimposition of moment images is an excellent ex- 
ample of engineering analysis, the empirical result replacing an 
otherwise impractical solution. 

The data and curves point the way to a solution to the problem 
of the effect of mal-distribution of load across the face. This will 
eliminate much of the confusion resulting from proposed methods 
and eliminate the present arbitrary face widths reduction factor. 
Of particular value is the fact that values can be established 
directly from the curves on the basis of the known accuracy 
of the gears and their alignment and from an estimate of the de- 
flections involved. 

As stated, the maximum moment at the fixed edge is inde- 
pendent of the position of the load, but is that moment constant 
for any point between the load and the fixed edge? The question 
is prompted by the photographs which seemed to show a rosette 
position well above the fillet or fixed edge. It is assumed that, if 
the position is as shown, the authors have some means of cor- 
recting the moment for the true value of h. 

In applying the moment-distribution factor to the case of 
spur gears, the question arises as to whether it is truly appli- 
cable, as determined, since the increase in the moment, due to 
the fact that the gear tooth is a short cantilever, is already taken 
care of by the stress concentration factor K,, if and when the 
latter is determined photoelastically. It would seem as though 
the applicable case of M factors would be only those covering the 
effect of mal-distribution such as Fig. 10, and that the factor 
would have to be corrected in some way to avoid doubling the 
moment increase factor. 

On the basis of Case 2 in Fig. 10 and the analysis as described 
for the moment-image method in Fig. 1, it is difficult to see 
why, in the case of loading such as 4 and 5, there was not an 
upturn in each of the curves for the condition at the edge of 
the face. In other words, can the moment be constant at the 
edges for a beam of finite length if that moment is determined 
by superimposing the moment image for an imaginary continua- 
tion of the face? 

It is unfortunate that deflection readings were not taken along 
the free edge of the cantilever. The results would be interesting 
and might throw considerable light on the question of load 
distribution with particular respect to helical gears. It is believed 
that the load distribution between teeth in helical gears will 
have more effect on the bending moments than that of diagonal 
loading and only can be ignored in the case of wide face gears 
with a high face contact ratio. 

The existing formula assumes, as do the authors, that the load 


7 Consulting Engineer, Portchester, N. Y. Mem. ASME. 
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per inch of contact length is uniform for all of the teeth in con- 
tact. This is highly questionable as is the unqualified use of the 
“critical” load position (Fig. 14a) for all cases. 

The paper is not clear in that the C factor appears to cover 
only the case of diagonal loading. Is it intended to apply also 
the same K,, moment distribution factor as established for spur 
gears? Ce - there are as many helical gears with mal- 
distribution of loading across the face as there are spur gears if 
one discounts the case of high speed, fine pitch, wide-faced gears 
such as used in marine propulsion drives. 

It is hoped that the authors will appreciate that the fore- 
going are questions of application rather than of the method 
and that those questions are prompted by a belief that con- 
siderably more work of this nature has to be done before a 
satisfactory means of determining the breaking strength of gear 
teeth is evolved. ‘To repeat, this work is a notable contribution 
to that end. 


Authors’ Closure 


The comments of the discussers are very much appreciated. 
The Westinghouse stress-time diagram (Fig. 17) is of particular 
interest since it provides some backing to the application of the 
theory to an actual gear tooth under high-speed operation. The 
work presented in this paper is based on a simplified analogy and 
it is well recognized that the actual gear problem involves many 
complex conditions which were deliberately avoided in this in- 
vestigation. Mr. Bert is to be thanked for pointing out the 
paper by H. Conway which would be valuable in future refinement 
of the proposed method especially with regard to deflections and 
load distribution on the contact line. Conway’s paper, how- 
ever, deals only with central loading on an infinite plate and more 
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elaborate mathematical treatment would be necessary for loads 
at or near the corner of a finite tooth shaped plate. It is of 
interest to note that a mathematical solution for the finite canti- 
lever plate has been completed at the University of Wisconsin 
based on the Rayleigh-Ritz method and the findings are in 
general agreement with Falk’s experimental results.$ 

Mr. Candee’s concern over the Lewis form factor is beyond 
the scope of this paper which is primarily dealing with moment 
or stress distribution at the root rather than the location and 
value of the maximum stress. The statements on the Lewis ap- 
proach were only mentioned in reviewing the historical develop- 
ment of gear strength studies and were based on the findings in 
references [4, 5, 6, and 7]. However, the Lewis construction is 
widely used and would be acceptable for conventional gears as 
long as a stress correction factor is used in conjunction with it. 

Mr. Rideout’s questions are to be answered in the following: 


1 As mentioned in the paper, for long cantilever plates, the 
maximum moment in a cantilever plate is independent of the 
absolute position of the load or the absolute width of the plate 
and is only dependent on their relative value. 

2 The strain values on which the moment distribution is based 
were measured away from the region of stress concentration. 
The summation of the moment checked very closely with the 
moment of the load about the considered plane. 

3 Cases 4 and 5 of Fig. 10 were obtained both experimentally 
and by the moment image method. The results checked closely 
as shown in the paper. 

4 The deflection measurements would have been quite diffi- 
cult in models of the size considered in the investigation 


8 MSc thesis, September, 1959, by R. Little, Department of En- 
gineering Mechanics, University of Wisconsin 


Transactions of the ASME 





Rocket Motor Gear Tooth Analysis 


ERNEST K. GATCOMBE 
ROY W. PROWELL 


Professors, U. S. Naval Postgraduate 
School, Monterey, Calif. Mem. ASME 


(Hertzian Contact Stresses and Times) 


In this paper a rocket motor turbine-pump reduction gear system is analyzed in regard 
to Hertzian gear tooth contact stresses and times of contact. 
zian contact stresses vary from approximately 100,000 psi to 200,000 pst. 


It is found that the Hert- 
The times 


of contact vary from three to eight microsec. Some observations regarding the cor- 
relation between contact times and gear failures are made. It 1s indicated that it may 
be possible to establish design limitations on the contact times to insure satisfactory 


gear operation. 


Sample calculations for evaluating each of the typical quantities 


found in the tables are included. 


I. THE rocket motor to be considered, the liquid 
oxygen (LOX) and fuel pumps are gear driven off the main tur- 
bine shaft through sets of reduction gears as is shown in Fig. 1. 

The turbine shaft reaches full speed and full load in 1 sec from 
start-up. From the data given we have based our calculations 
on steady-state conditions of 27,000 rpm and 4000 hp. Neces- 
sary information for consideration of the accelerating period was 
not supplied. The analysis pertains to a set of gears found to be 
most satisfactorily designed, thus a knowledge of the contact 
stresses and times of contact are pertinent. 

We will show how these stresses are determined, tabulate their 
values, and draw certain conclusions and comparisons with those 
of other researchers. 


Statement of Problem 


The problem is that of determining the Hertzian gear-tooth 
contact stresses and duration of contact for each of five phases 
of contact for each gear set; namely, the pinion and LOX pump 
gear, the pinion and idler gear for the fuel pump system, and the 
idler and gear of the fuel pump reduction gear system. 


Data 
The following data were supplied by Aero-Jet General Corpora- 


1 Sponsored in part by ONR. 

Contributed by the Machine Design Division and presented at the 
Annual Meeting, Atlantic City, N. J. November 29-December 4, 
1959, of Tae American Society or MecHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
11, 1959. Paper No. 59—A-256. 


—————Nomenclature 


tion and Western Gear Corporation. The turbine shaft reaches 
a speed of 27,000 rpm in 1 sec from start-up. It delivers 4000 
hp at the 27,000 rpm. 


LOX Gear 
PD = 7.9167 


in. 
95 
25° 
12 
0.068 


in. 
1.50 F 
in. 
2210 hp 
8520 m = 11100 
20 AE 4620 
40 (R.)s = 60 
min min 
(Re)e = 30— 30- (Reje = 30— 
min min min 
Lubricating oil is MIL-L 7808. 
Average temperature of gear box is 150 to 200 F. 


Pinion 


ll 
ll 


hp 

rpm 
SAE 
(Re)s 


(Re)e 


SAE 4620 
(Ree = 60 
mi 


(Rede - 


i & nou 


(Re)s ad 60 


min 


min 


Remarks 


The Hertzian contact stress in gears is one indicator of the per- 
missible loud which a given set of teeth may carry safely. Itisa 
factor used in determining score loads, pitting loads, and so on. 
Of course there are other factors of great importance, such as 
surface treatment, the lubricant used, the temperature involved, 
sliding velocity, and the like, but the contact stress serves as 8 
definite indicator of permissible loads to be transmitted. 

The Hertzian contact times are now becoming of importance 
also, since it has been observed that these contact times are of 





(H,)> 
(H,), 
(Hy) 


hp 
M, 


addendum, in. 

half width of band of contact, in. 

center distance, in. 

distance from pitch point along 
pinion surface, in. 

modulus of elasticity, psi 

face width, in. 

contact time of pinion, microsec 

contact time of gear, microsec 

maxiroum contact time of lubri- 
cant, microsec 

horsepower 

transmitted torque, lb in. 
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number of teeth 

contact ratio 

number of pairs of teeth in con- 
tact 

diametral pitch 

pitch diameter, in. 


= base pitch, in. 


circular pitch, in. 

maximum contact pressure be- 
tween teeth, psi 

pitch radius of gear, in. 

pitch radius of pinion, in. 

outside radius of gear, in. 

outside radius of pinion, in. 


base radius of gear, in. 

base radius of pinion, in. 

Rockwell hardness of surface 

Rockwell hardness of core 

revolutions per minute 

transmitted load normal to 
tooth profile, lb 

length of action, in. 

radius of curvature of tooth pro- 
file, in. 

pressure angie, deg 

angular velocity, radians/sec 

angle shown on Fig. 2, deg 

angle shown on Fig. 2, deg 
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the same order of magnitude as the relaxation times of the lubri- 
cants. It has been observed also, that these thin oil films, such 
as are found in gear-tooth mating, exhibit peculiar physical 
properties when loaded with extreme suddenness. These films 
are believed to act as elastic or plastic solids under these condi- 
tions, providing great protection for the tooth surfaces. It is 
for these reasons that an analysis of these stresses and contact 
times may be of value. 


Definition of Hertzian Contact Stresses and Times 


Hertz, the German physicist, derived the equations of elas- 
ticity by means of which the contact stresses between elastic 
bodies could be predicted[1].2 For a pair of spur gears making 
contact the elastically deformed area of contact is a rectangle. 
The maximum contact stress at the middle of this rectangle de- 
pends upon the load, the principal radii of curvature, the moduli 
of elasticity of the materials, Poisson’s ratio, and face width. 

The Hertzian duration of contact could be defined in any one 
of several ways. It could be defined as the time that a given 
patch of the lubricant is entrapped between the surfaces of the 
contacting teeth for any given phase of contact. The patch 
could have any one of several areas. It could correspond tc areas 
of molecular dimensions, line dimensions, full width of the band 
of contact dimensions, or the half-width of the band of contact 
dimensions. In this paper, we have used a patch whose area 
corresponds to the half-width of the band of contact multiplied 
by the face width of the gears. Thus the contact time for any 
particular phase of contact is defined as the time that this patch 
of lubricant is entrapped between the surfaces of the gear teeth. 


Method of Solution 


The contact stresses, for any given phase of contact, will be 
found by simply substituting proper values of the several variables 
involved into the appropriate equations for the stresses. These 
equations will be listed under Equations Used. Likewise, 
the equations for the Hertzian contact times will be listed under 
Equations Used. 


2 Numbers in brackets designate References at the end of the paper. 
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Equations Used 


Five phases of contact of any particular pair of teeth are found 
to be of prime interest, namely, 1 the first or initial phase of con- 
tact i; 2 the phase where one pair of teeth begins to carry all the 
load c; 3 the pitch point phase P; 4 the phase where two teeth 
again share the load d; 5 the last phase of contact e. The follow- 
ing is a list of the important equations used: 


_ 63030 X hp 
i rpm 


M, (1) 


ee 
~ Base radius 


Ww 


_ rpm X 29 


Radii of Curvature (Fig. 2) 


(p,); = Csind — R, sin y, 
(P,)5 = 


Point 7 





% 


Fig. 2 Spur gear geometry 
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Point c (Pye = 


(Pye 


(py)p = 
(P,)p rat 


r, sin ¥, — Dp 

C sin @ — r, sin ¥, + 
r sin d 

R sin } 

C six @ — R, sin Y, + p 
R, sin Vv, — Pr 


Point P 


Point d (Ppa = 


(P,)a 


Point e r, sin W, 


C sin @ — r, sin y, 


(Py). = 
(Py)e 


The maximum Hertzian contact stress go [1] is given by 


WE (p, + ed" 


10 
nF(p,p,) es 


eo = 0.418 | 


In this equation and in equation (11) a simplifying assumption is 
made that the load is equally distributed between the two pairs 
of teeth in contact. 

The half-width of the band of contact for any particular phase 


is given by 
Ww 
b = 0.635 
(Ss 3) 


The pinion velocity at the contact point perpendicular to the 
line of action is given by p,w, and that of the gear is given by 
p,W, The velocity of sliding at the point of contact of the pinion 
with respect to the gear is given by p,w, — p,w,. The numerical 
values of the products p,w, and p,w, are such that the result is 
negative for the period of approach and positive for the period of 
recess. This indicates a change in the direction of the velocity of 
sliding at the pitch point. 


(11) 


b 
For the gear (H,), = —— 


eg 


(13) 


For the lubricant (H,), is the smaller of the results of equations 
(12) or (13). 


Distatice From Pitch Point 


It is found convenient to plot several of the variables involved 
against the distance from the pitch point to any point of contact 
measured on the surface of the pinion. An expression for this 
distance d is 


1 
d = = (0? — pr’), (14) 
2r, 


where p = radius of curvature of the pinion at the point consid- 
ered, and pp = radius of curvature of the pinion at the pitch 
point. 


Results 


The results of the analysis are tabulated in Tables 2, 3, and 4. 
Table i gives the system data. A sample calculation of each of 
the pertinent quantities in these tables is given in the Appendix. 

Table 2 indicates that when the pinion and LOX pump gear 
mate at the initial phase of contact (7) the radius of curvature of 
the pinion will be 0.373 in. That of the gear is 1.828 in. The 
number of pairs of teeth in contact (n) is 2 for this phase. The 
maximum contact stress is 161,000 psi. The half-width of the 
band of contact is 0.00599 in. The sliding velocity is —580 in. 
per sec. The Hertzian contact time for the lubricant is 0.00000368 


sec. The distance from the pitch point to this initial point of 
contact, measured along the surface of the pinion tooth, is — 0.062 
in. Further, Table 2 gives these values for each of the other 
b four phases of contact. It will be seen that the maximum contact 
stress of those found in Table 2 is 206,000 psi. This comes at 


The Hertzian Contact Times 


For the pinion (H,), = 


pp 


Gear data 





Turbine 
Shaft 
Pinion 
12 12 
k 5.2083 -»| 
25 25 
1.5 
0.2618 


Lox 
Pump 


Turbine 
Shaft 


Fuel 


Idler Pump 


Pinion Gear Gear 
12 12 12 
}o4 .2917->4e 6.6250 —> 
25 25 25 
1.5 
0.2618 
0.2373 
0.068 





Diametral Pitch 





Center Distances, inches 





Pressure Angle, degrees 





1.5 
0.2618 


Face Width, inches 1.5 


0.2618 


1.5 
0.2618 





Circuler Pitch, inches 





Base Pitch, inches 0.2373 0.2373 


0.092 0.068 

- 1.46—~> 
4540 4540 
95 


0.2375 0.2575 


0.092 





addendum, inches 0.092 


f+ 1.45 —>pe 1 .52—e} 
3710 3710 3710 
30 73 86 





Contact Ratio 
Transmitted Load, pounds 








Number of Teeth 30 





Pitch Radius, inches 1.2500 


1.3420 


1.2500 
1.3420 


3.0417 
3.1097 


3.5834 
3.6754 





Outside Radius, inches 





Base Readius, inches 1.1329 1.1329 
32°25! 


2626 


2.7567 
27°34! 


3.2474 
27°56! 
986 





Angle Y, degrees 32°25! 





2826 1162 

















Anguler Velocity, radians/ second 
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phase (c) at that instant when the load is now carried by one pair 
of teeth. ‘he shortest Hertzian contact time is 3.66 microsec at 
phase e. 

Table 3 lists these various quantities tor the pinion and idler 
combination. We note here that the greatest contact stress is 
191,000 psi. It also comes at phase (c). The shortest contact 
time comes at phase (e) again. It is 3.16 microsec. 
| Table 4 lists these results for the idler and fuel pump gear 


system. It indicates a greatest contact stress of 137,000 psi, 
coming again at point (c). The shortest contact time is 4.68 
microsec, coming at phase (7). The greatest contact stress for 
the reduction gear system is 206,000 psi, coming at phase (c) of 
the pinion and LOX pump gears. The smallest contact stress is 
96,200 psi, coming at phase (e) of the idler and fuel pump gear 
combination. 

The greatest lubricant contact time is 7.70 microsec, coming at 


Table 2 Analysis of gear operating conditions; turbine shaft pinion and LOX pump gear 





Contact Phase 


(1) 


(c) 


(P) (4) 





Radius of Curvature 
pinion eu inches 


0.610 





Radius of Curvature 
gear ‘vu inches 


1.591 





Number of Peirs of 
Teeth in Contact, n 


2 


2 





Waximum Fertz Stress 
qa,» ksi 


161 





Half Width of Band of 
Contact b, mils 


5.99 











Tangential Velocity(@ pW )) 
pinion, inches per second 


1050 





Tangential Velocity(e We) 
gear, inches per second 


1630 





Velocity of Sliding, 
inches per second 


-580 


310 





Contact Time, pinion (H, ) 
> p 
surface, microseconds 


5 .68 


5 .86 


4.12 





Contact Time, gear (Hy) 
gz 
surface, microseconds 


3.68 


7.13 


5 .02- 





Maximum Lubricant (Hy), 
Contact Time, microseconds 


3.268 





5 86 





4.12 








Distance from Pitch Point(4) 
along pinion surface, in. 





-0 .062 





-0 .021 


0.041 














Table 3. Analysis of gear operating conditions; turbine shaft pinion and idler gear 








Contact Phase 


(1) 


(c) 


(P) (4) 





Radius of Curvature 
pinion Rp inches 


0.528 0.612 





Readius of Curvature 
gear vu inches 


1.285 1.202 





Number of Pairs of 
Teeth in Contact, n 


1 1 





Maximum Hertz Stress 
q_, ksi 


179 


126 





Half Width of Band of 
Contact b, mils 





8.78 





6.21 





Tangential Velocity (CpWp) 


pinion, inches per second 


1730 





Tangential Velocity (e 
geer, inches per secon 


ge) 


1400 





Velocity of Sliding, 
inches per second 


330 





Contact Time, pinion (H¢), 
surface, microseconds 


5 .08 


3.59 





Contact Time, gear (Hed 
surface, microseconds 


6.29 


4.45 


5.05 





Maximum Lubricant (Fe), 
Contact Time, microseconds 





5.08 





3.59 


3.16 





Distance from Pitch Point@) 


0.042 


0.105 


























along pinion surface, in. 
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Table 4 Analysis of gear operating conditions; idler pinion and fuel pump gear 





Contact Phase (4) 


(0) 


(P) (4) 





Radius of Curvature 
pinion » inches 


1.2028 


1.285 1.315 





eadius of Curvature 
gear eC, inches 


1.514 1.484 





Number of Pairs of 
Teeth in Contact, n 


1 2 





Waximum Herts Stress 
}Qo? kei 


136 06.4 





Helf Width of Band of 
Contact b, mile 











Tangential Velocity (@pWp) 
pinion, inches per second 





Tangential Velocity (e,W,) 
gear, inches per second 





Velocity of Sliding, 
inches per second 





Contact Time, pinion (H;)> 
surfece, microseconds 





Contact Time, gear (Hy), 
surface, microseconds 





Maximum Lubricant (Hy) 1 
|Contact Time, microseconds 











Distance from Pitch Point(d) 
along pinion surface, in. 





























| 


4 


| 





+ 
| TURBINE SHAFT PINION 
| LOX PUMP GEAR 














=e 

















MAXIMUM HERTZ CONTACT STRESS (KSI) 








| 
| 

















i c e 
“06 -04 ~-02 02 04 06 08 40 
DISTANCE FROM PITCH POINT ALONG PINION SURFACE (in) 





+— 0 








| ae 
TURBINE SHAFT PINION 

IDLER GEAR 
| 








“rT 


IMUM HERTZ_CONTACT STRESS (KS!) 











T 





| 














qT 



































a paws i _C—C——_ 
-02 ° 02 04 06 oe 10 


DISTANCE FROM PITCH POINT ALONG PINION SURFACE (in) 














Fig. 3 Contact stress for turbine shaft pinion and LOX pump gear 


the pitch point phase of the idler and fuel pump gears. The 
shortest contact time is 3.16 microsec, coming at phase (e) of the 
pinion and idler gears. 

Figs. 2, 4, 5 show the maximum Hertzian contact stresses 
plotted against the distance from the pitch point to the points of 
contact of the five phases of contact. Figs. 6, 7, 8 show the con- 
tact times plotted against the distance from the pitch point to the 
points of contact of each of the five phases of contact. In these 
figures, calculations were made only for each of the five phases 
shown. In connecting the points on these graphs, straight lines 
were used for simplicity. These straight lines do not necessarily 
represent the functional relationship between the co-ordinates for 
other phases of contact. 
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Fig. 4 Coxtact stress for turbine shaft pinion und idler gea 


Conclusions 


It may be concluded that the Hertzian contact stresses fall 
within the general range of values found for any sets of well 
designed and proportioned gears. From the point of view of 
contact stresses alone it would be expected that these gears 
would perform well as they have been iound to do. 

From the point of view of contact times we find that these 
values are relatively high compared with the contact time of one 
microsec at which Borsoff [3] found that it was difficult to im- 
pose loads great enough to cause scoring. It is difficult to 
predict at present just what effect this might have on the over-all 
operation of the gears, because not enough is known concerning 
these contact times and their consequences. But it is probably 
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Fig. 5 Contact stress for idler gear and fuel pump gear 
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Fig. 7 Contact time for turbine shaft pinion and idler gear 
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Fig. 6 Centact time for turbine shaft pinion and LOX pump gear 


safe to say that they are of the correct order of magnitude, 
namely of the microsec time, to be sudden enough so that 
these thin films are acting like elastic or plastic solids. A gen- 
eral statement could be made to the effect that here is a reduction 
gear system which has proved very successful, the analysis shows 
that it is well designed, and the information gained should be 
valuable in future designs. 


Comparisons 


Recently Gatcombe, Hunnicutt, and Kinney [5] presented 
similar analytical work in which a set of gears used by Borsoff 
[3] was analyzed. In this work a set of steel gears, having ap- 
proximately the same hardness as those used by Aero-Jet had 
contact stresses ranging from 108,900 to 177,500 psi with contact 
times from 4.7 to 18.6 microsec for a speed of 5000 rpm. 

For a speed of 27,000 rpm the contact times of Borsoff’s gears 
would be approximately 0.87 to 3.44 microsec. One observes 
that these times compare quite closely with those found in the 
present paper. Borsoff found that it was difficult to impose 
loads great enough to cause scoring when operating at speeds 
above 20,000 rpm. It would then appear that a contact time 
of 4 or 5 microsec is short enough to cause these films to act 
as elastic or plastic solids rather than viscous fluids. 

Both Borsoff’s gears and those of Aero-Jet carried their load 
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Fig. 8 Contact time for idler pinion and fuel pump gear 


successfully. However, in making comparisons, one must realize 
that the rocket-motor reduction gears have a life of minutes, 
whereas the others may have days or years. 

Score factors were not studied in this paper. These should be 
analyzed next. Undoubtedly, contact times are related to scor- 
ing as was shown by Borsoff. As far as the authors know, 
theoretical work relating these two factors has not been pub- 
lished. When more information is obtained, a possible ranking 
system for the gear materials may be initiated. 

The authors would encourage others to carry out similar 
analyses on gears which have not proved entirely successful, as 
well as those which have had successful operations. Further 
studies would then lead to establishment of valuable design limi- 
tations. 
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APPENDIX 


Sample calculations are now carried out for evaluating each of 
the typical quantities found in the tables. These quantities are 
computed for phase (7) for the pinion and LOX pump gear. 


000 XS 40,00 ht (1) 


M, = 
; 8520 


16300 
W = 3 5874 7 
27000 X 6.28 = 2826 rad/sec 


ry _ 1.1329 


cos Y, = = 0.8442 


“1.3420 
v, = 32° 25’ 


R, 3.5874 
cos v, = R, = 4.0263 = 0.8910 


v, = 27° 00’ 


= ie = ae — ai 
= r,sin Y, = 1.342 X 0.5360 = 0.7193 in. 
(p,); = 5.2083 x 0.4226 — 4.0263 x 0.4540 
= 0.373 in. 
ie = 0.7193 — 0.373 = 0.3463 in. 


(4) 


Radii of Curvature 


(p,); = 5.2083 X 0.4226 — 4.0263 x 0.4540 = 0.373 in.| (5. 
(p,); = 4.0263 X 0.4540 = 1.828 in. 


1.3420 x 0.5360 — 0.2373 = 0.482 in. ) 
5.2083 X 0.4226 — 1.3420 x 0.5360 + 0.2373 = }(6) 
1.719 in. 


1.2500 X 0.4226 = 0.528 in.| (7) 
3.9583 X 0.4226 = 1.673 in. { 


5.2083 & 0.4226 
0.610 in. 
4.0263 « 0.4540 — 0.2373 = 1.591 in. 


1.3420 K 0.5360 = 0.719 in. (9) 
5.2083 XK 0.4226 — 1.3420 x 0.5360 = 1.482 in. 


(Pye "= 
(Pie = 


(Py) aay 
(p,)p 


(Ppa 


4.0263 x 0.4540 + 0.2373 ss 


(8) 
(Py)a = 


(p,), = 
(p,). = 
Hertzian Contact Stress 


4540 x 30 x 100.373 + 1.828) ]'/2 
(qo); = 0.418 aan 
2 X 1.5(0.373 K 1.828) 





= 161,000 psi (10) 


Half-Width of Band of Contact 
4540 
2X 1.5 X 161,000 





(b); = 0.635 X = 0.00599 in. (11) 
Tangential Velocity and Velocity of Sliding 
p,®, = 0.373 X 2826 = 1050 in./sec 


p,@, = 1.828 X 892 = 1630 in./sec 
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Velocity of sliding = p,wp — p,W, 
= 1050 — 1630 = —580 in./sec 


Hertzian Contact Times 
0.00599 


——_—————_ = §.68 microsec 
0.373 K 2826 


0.00599 
1.828 X 892 


For the pinion (H,); = 


For the gear (H,),; = = 3.68 microsec 


For the lubricant (H,); = 3.68 microsec 


Distance From Pitch Point Along Pinion Surface 


(d); - [((0.373)? — (0.528)?] = —0.062 in. 


sg eruengogenpre 14 
2 X 1.1329 (14) 

A negative sign indicates contact on the flank of the tooth; a 

positive sign indicates contact on the face of the tooth. 


DISCUSSION 
C. N. Epstein® 


As it is with all gear rating or qualification factors that have 
been suggested from time to time, the relationship of Hertzian 
contact stresses and contact times to the outlook for successful 
performance of any gear mesh wo'''d depend, as Gatcombe and 
Prowell have noted, on the iaplementation of similar analyses 
from many other gear designs which might afford the opportunity 
of detailed performance study. 

Certain basic assumptions in this analysis are acknowledged 
to be arbitrary. The shape, and hence the area, of the patch 
of lubricant entrapped between contacting tooth surfaces at any 
instant, upon which determinations of the “half-width of the band 
of contact’’ and “contact time’’ depend, is subject to distortion 
by influences of gear tooth misalignment and errors of manu- 
facture, even before a more detailed or coherent theoretical analy- 
sis can be contemplated. 

Lubricating films which “are believed to act as elastic or plastic 
solids undet these conditions, providing great protection for the 
tooth surfaces’ have in other studies been found to result in 
hydraulic disintegrating forces following the first developments 
of pitting in tooth pitch line areas, for gears requiring some dura- 
tion of performance reliability. 

The ‘five phases of contact” for which contact stresses and 
contact times have been determined, it should be empha- 
sized, apply for contact ratios between 1.00 and 2.00. 
Contact ratios less than 1.00 or greater than 2.00 sometimes 
result or are deliberately designed for, and other “phases of 
contact’’ and dynamic affects have to be reckoned with, which 
render any analysis somewhat incomplete if they are not consid- 
ered. 

Most seriously, we wonder whether the analytical evalyation 
of particular characteristics of gears for common performance 
indicators is at all worth while, if applied to gears designed for 
limited life functions, unless the total time of operation and an 
integration of all performance cycles are also considered. In 
the case of gears designed for longer or indefinite periods of 
operation, where survival through a critical wearing-in period 
may serve to indicate the suitability of gears of a particular as- 
sembly for a much longer period of reliable performance, the 
analytical ferreting out of common successful performance in- 
dicator factors is likely to be more rewarding. This has been 
the case in the development of various scoring factors—which, 
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incidentally are of little use in assessing the capacity of gears 
designed for limited life performance. 

We cannot escape the conclusion that analyses which may only 
establish approximations of physical effects, subject to an as- 
sortment of errors, are of potential value only as implements of 
differential analysis where many of the elements of a number of 
gear designs and subsequent product assemblies can be subjected 
to careful controls during evaluation. In this general connection, 
we would suggest that analyses of the nature of this Gatcombe- 
Prowell study be encouraged to include considerations of the ef- 
fects of manufacturing errors, material displacement character- 
istics, at least up to elastic limits, and total times and conditions 
of operation. Under these practices, the evolution of a science 
of comprehensive analysis of gear design might eventually re- 
place the erratic and somewhat unreliable routines of gear per- 
formance analysis which at the present time seem to dominate 
the field. 


J K. Morris‘ 


The authors should be complimented for attacking this very 
difficult problem from an analytical standpoint. 

Only little is known and very little has been published regard- 
ing the basic dynamics and conditions occurring within the mesh 
of high-speed gears. 

As stated in the paper, the authors’ approach endeavors to 
establish a basis for comparison of data applicable to the lubri- 
cant lead carrying and load transmitting problem. 

Before a complete understanding of the full gear mesh problem 
can be obtained, considerably more investigation is going to be 
necessary, for many factors contribute to the conditions at the 
mesh point of gears mating at high speeds. The gear system 
analyzed was a successful application; however, many of the other 
factors involved in this particular mesh have not been considered 
or mentioned in the paper. To operate gears successfully at high 
speeds through the mesh point requires determination and selec- 
tion of many variable factors. The analysis and relationships 
of all these factors have their impact on successful operation, 
therefore, each factor must be considered carefully in its relation- 
ship to every other analysis less some important factor be over- 
looked and thereby misdirect the conclusions. The accuracy of 
the gear, the tooth form and profile, the accuracy of the mount- 
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ings, the runout and stability characteristics of the bearings, the 
temperature, the hydrodynamic and aerodynamic characteristics 
of the “‘air-oil”” mixture in the mesh areas are important factors. 

The type of lubricant, the condition of the lubricant, the shape 
of the gear blank, the characteristics of the gear body and gear 
rim relative to vibration and natural frequencies, the character- 
istics of the load being transmitted, and the metallurgical con- 
ditions of the gear teeth and gear tooth surfaces, as well as the 
type of material and surface finishes are but a few of the elements 
which have impact on the operating characteristics of a high 
speed gear mesh point. 

That these factors exist and must be considered in gear designs, 
in no way detracts from the value of this most important research 
and investigation. The work done for this paper, as well as the 
work done by others in this field, must be highly commended and 
encouraged. Thorough analytical analysis, combined with the 
collection of statistical data on this subject, should eventually 
lead to a more complete and thorough understanding of lubrica- 
tion of gears and design of gearing, and lubricants. Hidden here 
are undoubtedly some of the factors affecting the gear mesh 
action that result in problems plaguing gear users as well as 
designers, by upsetting calculated results and by disrupting the 
logical conclusions based on previous experiences. 


Authors’ Closure 


We agree with Mr. Epstein’s general philosophy concerning 
the value which should be attached to theoretical analyses of 
gears. We also agree with that of Mr. Morris. 

We do wish, however, to stress that, as these theoretical analyses 
take more and more factors into account, then they are going to 
become of more and more value to gear designers. As Mr. Morris 
points out there are many, many factors which we know affect 
gear tooth operation which are not incorporated in this analysis. 
But this is just the beginning of a long range program in which 
more and more of these factors will be treated in the theoretical 
work. 

Such items, mentioned by Mr. Morris, as the conditions of the 
gear blank, the characteristics of the gear body relative to vibra- 
tion and deformation effects, the metallurgical conditions of 
the teeth as well as many other factors mentioned may eventually 
be treated in detail in such analyses. When it becomes possible 
to incorporate most of these factors, the time and money saved 
through the use of theoretical analyses as a guide in gear design 
will become tremendous. 
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Analysis of Power Spinning 
of Cones 


The geometry of the cone, the roller, and the spinning operation are described mathe- 
matically. A shear type of deformation is postulated, based on experimental evidence. 
The displacement, velocity, strain rate, and stress fields are computed for ‘Mises’ 
material,” and hence with Mises’ stress-strain rate law. The power consumed in the 
operation is computed from the strain rate and stress fields. The expression for the 
power is in a form that can scarcely be solved analytically. A numerical solution is 
therefore employed and results are presented in graphical forms, where the power and 
tangential force are plotted for a variety of the process variables. The numerical solu- 
tion is compared with actual power and force measurement in experimental tests and 


B. AVITZUR 


Former Graduate Student, Department of 
Mechanical Engineering, University of 
Michigan, Ann Arbor, Mich.; now Research 
Engineer, Ford Motor Company, 
Dearborn, Mich. Assoc. Mem. ASME 


C. T. YANG 


Associate Professor of 
Mechanical Engineering, 
University of Michigan, 
Ann Arbor, Mich. 


the agreement is reasonably good. 


om NING is generally a cold-working process in 
which a rotating disk of sheet metal is deformed into a cup or cone 
by applying a localized pressure to the outside of the disk with a 
simple round-ended wood or r.«tal stick. In common spinning 
practice the disk is deformed asainst a pattern having the final 
shape of the desired product. A very skillful machinist could, 
however, spin-form a cup or cone with no pattern support at all. 
In these conventional types of spinning the thickness of the sheet 
metal is practically unchanged. 

In the past few years a new type of spinning called “shear 
spinning” has been developed. it has also other names, such as 
‘power spinning,” “‘flow-turning,”’ or “‘roll-forming.” Essentially 
they mean the same operation. In this process the work is done 
on a machine having the pattern and blank attached to the 
spindle as usual but the metal is deformed by a roller which is 
mechanically operated, Fig. 1. Moreover, in this operation the 
radial distance at any point on the cone remains the same before 
and after spinning and the thickness is therefore bound to be 
changed. This process has been widely used in making tele- 
vision picture-tube cones, and the like. 
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Engineering Division and presented at the Annual Meeting, At- 
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Norse: Statements and opinions advanced in papers are to be 
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of the Society. Manuscript received at ASME Headquarters, August 
12, 1959. Paper No. 59—A-173. 


Nomenclature 


Previous researchers [1]! have done some work on the analysis 
of power, forces, and stresses involved in this problem. But they 
are all limited to a certain extent. The authors attempted to 
study the problem in more detail—first with an analytical ap- 
proach and then the results were checked by experimental tests. 


Nature of Deformation of Metal in Process 


A sheet-metal blank in power spinning could be deformed by a 
process of bending, shearing, or a combination of both, Fig. 2. 
In bending the radial distance of any point at mid-thickness of the 
cone (point 0 or s in Fig. 2) remains unchanged. The lines AB and 
CD in Fig. 2 remain straight and normal to the surfaces. There- 
fore the thickness before and after spinning can be related by the 
following equation: 

Thickness A’B’ = thickness AB sin a 

In shearing, however, not only points at mid-thickness but any 
material point has the same radial distance before and after 
deformation. The straight lines AB and CD in the lower half of 
Fig. 2 change to A’B’ and C’D’ but remain parallel to the Z-axis. 
Besides, AB = A’B’ and CD = C’D’; thus thickness after de- 
formation = (thickness before deformation) sin a. 

From the experimental tests described later it was found that 
the actual deformation pattern is a combination of bending and 
shearing. However, for the case of small included angles of a 
spun cone, the deformation is close to pure shear. Also, for the 


1 Numbers in brackets designate References at end of paper. 





w = rate of work or energy of deformation per unit 
volume, in-lb/in.* min 

total energy of deformation 

volume under roller 

effective stress 

effective strain rate 

polar co-ordinate directions of spun cone 

strain rate 

normal strain rates in R, 0, and Z-directions 

shear-strain rates 

velocities in R, 0, and Z-directions 

rotating speed of the cone, rpm 

strain-deviator tensor 


R, 6, 
€xr €60, €zz 
€xo, €02z, €ze 
Up, Us, Uz 

N 
€j 
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stress-deviator tensor 

modulus of plasticity 

hydrostatic strain rate 

summation of three principal strain rates = 
1 + eee + ers 

rectangular co-ordinate directions of spun cone 

yield limit in shear = 00/+/3 

yield limit in tension 

deviator shear stresses 

total shear stresses 

i; = total stress tensor 

Ss hydrostatic stress tensor 

6;; = unit tensor 

(continued on next page) 
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Fig. 1 Cone, mandrel, and operation 


sake of simplicity the pure shear deformation is assumed in the 
following analysis. 
The Analysis 

In the analysis the following assumptions were made: 

1 Mises’ material is used, which implies that: 


(a) The material is homogeneous and isotropic. 

(h) There is no elastic deformation and consequently no 
volumetric change. 

(c) There is no strain-hardening. 


Nomenclature 
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Fig. 3 Different shapes of roller 


SHAPE I 


2 The thickness of the blank is much smaller than the mini- 
mum radius of the cone. 

3 The metal deforms under the roller in pure shear. 

4 The frictional force under the roller is neglected. This is 
justified, because the relative velocity between the cone and the 
roller is very small. Also, this was substantiated by a previous 
publication by Reicher [2] which states that lubricants do not 
affect the force. 


It was observed in the actual process and followed in the 
analysis that metal deforms instantaneously underneath the 
roller. The remainder of the cone is strain-free at the instant. 
From a variety of roller shapes, as shown in Fig. 3, shape I was 
chosen to be analyzed. The roller is assumed to have its axis 
parallel to the side of the cone. The choice of the co-ordinate 
axes XYZ with the origin at O is indicated in Fig. 4. Another 
set of cylindrical polar co-ordinates (R, 6, Z) with the same origin 
and Z-axis as in XYZ-co-ordinates was introduced. The as- 
sumed shear-strain field is also illustrated in the: lower part of 
Fig. 4. In the analysis the ‘‘deformation-energy”’ theory was used 
which is indicated as follows: 


W = fadav (1) 


where 





= surface area 
initial thickness of blank 
1/2 included angle of cone 
number of revolutions 
radius of round-off of roller 
= co-ordinate directions for roller, z in direction of 
feed, F; zx is direction normal to cone sur- 
face; y is normal to xz-plane 
F feed of roller, in. per revolution (ipr) 


Ry = instantaneous radius at which roller touches 
cone 
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radius of torus on roller 
= time passed from starting point 
tangential force 
tangential power 
feed power 
shear strain 
shear deformation 
power consumption to deform cone in experi- 
mental tests, assumed equal to W 
starting time 
weighted power = W +/3/(a08N) 
= weighted tangential force = t/(soa0) 
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total energy of deformation 
volume worked underneath roller 
effective stress 

effective strain rate 


@ will be assumed to be a constant and ¢ is to be derived from 
the velocity field. V is the product of the contact area between 
the cone and the roller and the thickness of the cone. The angles 
and dimensions of the cone and the shape and dimensions of the 
roller are shown in Figs. 1 and 3, respectively. 

Strain Rates. The strain rates in cylindrical polar co-ordinates 
assume the form [3]: 
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fez = /s ( 7 + aE) 


. ou, 1 0U 
ir = (St +e Oe) 














4 


Where épp, 90, €zz, €¢, €gz, and gz are the components of the 
strain-rate tensor field; Up, Us, and Uz are the components of 
the velocity-vector field. 

To solve our particular deformation field, the velocity field 
under the roller was computed first. 

Because the angular velocity of the spinning cone is constant, 
one gets the circumferential velocity at any point on the cone as 
follows: 








Us = 24RN (3) 
where 


Us = circumferential velocity 
R = radius of point considered 
N = velocity of rotation, rpm 


Also, because there is no change in the radius FR at any point 
on the cone during spinning, the radial velocity U, will be 


It is apparent that the cone under the area of contact during 
deformation takes the shape of the roller. Let the geometry of 
the roller be described as follows: 


Z = H(R, 8, n) (5) 








Fig. 4 Deformation in process 


Thus n = N(T — To) 


oZ oZ oZ 
di = 5 + = + Te (9) 


uv, = % _ 2% aR, 2% db, 2% dn . - 
a at ok dT 06 dT on dT 


where (11) 


T = time passed from time 7’ = 7, to the instant 


n = number of revolutions passed from time 7’ = 7 to the Substituting the foregoing derivatives into Equation (7) yields 
instant 


U,z = velocity component in Z-direction U;= LA QaeN + oS N=N [>= os 
on 


G+ =| 12 
20 a SL 


Therefore the complete velocity field can be summarized as: 


One now continues to compute the derivatives with respect to 
time in the following: 
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Up =0 
Us = 2rRN 


oZ oZ 
Uz,=N [ono + a 


where the velocity field is a function of R, and @ only, and the 
derivatives 07/00 and 0Z/2n are yet to be defined from the equa- 
tion of the roller. 
Inserting the values of Up, Ue, and Uz from Equation (13) into 
Equation (2) one gets the following strain-rate fields: 
oz 


€x2 wad Ah oR 


(13) 


1 U, 
~ QR 26 





all other €,; = 0 


Stress-Strain Relation. Levy-Mises’ stress-strain rate law of plas- 
ticity (incremental theory) was used; that is, 


€:; = uS;, (15) 
where S;,; and €,; are stress deviator and strain-rate deviator ten- 
sors, respectively; 1/u is modulus of plasticity and a function 
of €;;. 

Owing to volume constancy in the plastic region, the plastic 
strain-rate deviator is equal to the plastic strain rate itself, be- 
cause 

é = !/3¢;,, (16) 
where é = hydrostatic strain rate and 

es = Cu + €2 + és = 0 


Let a term J be defined as 


(17) 


TE = 1/6," + €,,? + €n,2) + A Vey? + Vue? + Ves*) 
= 1/€,,€;; (tensor) (18) 
It has been shown by Prager and Hodge [4] that: 

ké,; 

by - et 

VAT Ee 
where k = yield limit in simple shear = 00/+/3. 
The stress-deviator field can therefore be written as follows: 


(19) 


Trz = in. + &,? 
Enz” + €z 


” * 
S RZ 


kéoz 
=z = RO 
WV énz* + €2? 


all other 





Si; = 0. 
The Power. Let the rate of work per unit volume = w 


w= 565; 


G5; = S;; - S6;; 
where 
S;; = deviator stress 


S = hydrostatic tensor 
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6;; = unit tensor, equals 1 when ¢ = 7 
equals 0 when i ¥ 7 


Again because of volume constancy, €;; = 0, thus 
w= S5€:; 
Therefore 
oe 1 
SiS; V 3/26; 5€5; (+) 
Now that the yielding condition 


J2 = 1/8, 85, = k’, 
One gets: 


—— 2 -—s 
= 2k WV 06:65 = V3 do WV 6,65 


oUz\* , (1 2)" 
oo (10 22)" (Ze) 
_ q (2: #e é way 
aaa oR R 20 


The rate of total work done on metal under the contact area, W = 
JS wdV; that is, 


w Go 4/(2Uz\* , ( 1 We)? 
P -fo% 4(%) . Gs se ”. 
Z=80 
_ au,\? 1 ou, 
V3 : ae ig y( ay) ™ (3 06 3) iz| as 
area 


(27) 
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where ds = infinitesimal surface area (ds = Rd 6 dR). 
Because the terms under the square root are independent of Z, 


one gets 
oUz 1 OU, 
Som f fey (S) + (FB) ae ao cay 


where the integration is to be done along the boundaries of the 
area of contact between the roller and the cone. 
_ Let W’ be designated as weighted power and defined as 


WvV/3 


Co o8oV 


ees 2 U, 1 OU, 
ro ES LNB) GS ace om 
Also let 
ne E aU, Al 
R 20 


The following equation yields 


. 1 —— (aU; 
W’= a, ‘ 
Xf fe vite (222) aan (32) 


The function of the cylindrical portion of the roller is to smooth: 
out the feed mark, and the work done by it is very small compared’ 
with that done by the torus. Thereby the work done by the- 
cylindrical portion of the roller is neglected. The actual and’ 
simplified areas of contact are shown in Figs. 5 and 6. Assuming. 
6 is independent of RF and @, one has: 
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W' = (29) 








Area A:(3+4+5+6) 
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G= [ Ar cos @cos a2 sina,)*+ R2sin?@ ia + 
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™ Area r (1+2) 
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Fig. 5 Area of contact between roller and cone 





Fig.6 Approximated area of contact 


Ee 2Us 
W V r¥s ff fe (2*) ava (33) 


Since 0Uz/0R changes appreciably for slight change of R, R 
itself can be considered as constant (R = Ro). Therefore 


we. Vite ) mf [lvl F = upper ae « 


i R = lower limit 


~ Vite, f AU, d0 (34) 
N r) 


Bia of az 
Again since Uz = w[2 "> +), 


one has 


W = ViFin{ fre(a%) aos f (a %) ah 
Now that 


(35) 
oZ 
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—. Z 
W’ = 2eRy V1 + 8 F cos a + Vitor. | (4 =) a 
3 
(37) 


The value of 0Z/dn can be evaluated from the equation of a 
torus, the geometry of which can be approximated by the fol- 
lowing equation, Fig. 7: 


(a — Z)? + (b — X)? = 7? 
From Fig. 7 also one has 


(38) 





Z = Fn cos a + posinas + Vn? — b— R cos 6)? (39) 
Z 
= = F cos a 
[R cos 6 — (Fn sin ay — po cos a)|F cos a 
40). 
Vr — [R cos 0 — (Fn sin a — po cos a)}? 


oZ oZ oZ 
A— =({|— — |— 41 
on ( on ae limit ( on oe limit ( y 


Thus the equation W’ can be evaluated except for the value of 6, 

the strain ratio, which will be dealt with in the following section. 
Evaluation of Strain Ratio. From the approximate equation of 

the torus, Equation (38), one can derive 

Us_ 1 a 

N N aT 

_ [R cos @ — (Fn sin a — po cos a))][—R sin 62x — F sin aol 

Vr? — [R cos 0 — (Fn sin a — po Cos a&)]* 








= F cos a 








(42) 
ou, 


1 
Wu” [ro? cos 6 (2xR sin 0 + F sin a) 


wir 


+ 2m sin OY(R cos 8 — B] (43) 


and 


1 1 OU, 1 
a i ro —r? sin 0{2nR sin 0 + F sin ao} 
+ 2x cos AR cos 8 — Bp] (44) 
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Thus 
1 Uz)! 





wUz 
oR 
where 

B = Fn sin a — po cos Q, 
and 


Y = ro? — [R cos 0 — (Fn sin ao — po cos a)]? (46) 


Evaluation of the Power. It now remains to evaluate numerically 
the spinning power from the following equation: 


W’ = (1 + 6)'2 12ntoF COS Qo +f (4 =) ao\ 


6 


(47) 


where 6 is defined in Equation (45). 
Combining Equations (40) and (41), one has 


oZ Rupper cos 9 — B 
re ae 
on V 10? — (Rupper cos 6 — B)* 
2 Riower COS 6 —- B 
V ro? = (Rewer cos 6 — B)? 


and 6 is solved as daverage for the area of contact. 














Os 


ie 


b=Fn sin ag-poCOS ao Fn sin do 


| ? 


= 
Fn COS do 








} 








Po SIN Ay 





G=Fn cos dot PoSin dp 


— 








Fig. 7 Approximating the torus by a cylinder 


THE BEND 


Fig.8 Zones of the cone 
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R 0 > aa cos 6 — B)W — ro? sin 6 (27R sin 6 + F sin a))? 45 
27 sin 0(R cos 6 — B)W + ro? cos O(27R sin 0 + F sinay) a 


The boundaries of the approximated area of contact, Fig. 6, 
will now be computed. These boundaries are derived from the 
intersection of the cone with the roller. 

The equation of the toric portion of the roller (see Appendix) is 





G = [V(R cos 8 cos a — Z sin a)? + R? sin? 9 — po]? 
+ [R cos @ sin a + Z cos a — Fn}? — m2? = 0 (49) 


and the equation of the portion of the cone which is in the process 
of being deformed (zone 2 of Fig. 8) is 


Z=b+ Vb —c 


where 


: 6 ale 
b= prsin ay + F (n ~ 2.) com a9 prsin 
T 


+ F(n — 1) cos a 
c = (R cos a + po)? 


6\7}2 
+ |e sin a» - F(a ->)] — ro? 
2r 


= (R cos a + po)? + [Rsin a — F(n — 1)]? — 19? 





Area of Contact. The area of contact between the roller and the 
cone is shown in Fig. 5 and an approximated one is shown in Fig. 
6. The boundaries of the approximate area of contact can now 
be described line by line as follows: 


Line AB 
(R cos a — Z sin a + po)? 
+ (R sin a + Z cos a — Fn)? — mo? = 
6=0 
Line BD 


(51) 


6 
R= Ry =F (n— 2) cin an ~ pyeos a 
27 


= F(n — 1) sin ao — pocos a (52) 


Line DE is computed from the intersection of the roller, G = 0, 
with zone 2 of the cone. G and zone 2 of the cone were defined 
previously by Equations (49) and (50), respectively. 

Line AE 


0 
R= Ry = Ro = F(n— 2) sin ay ~ (pm +1) cosa 


= F(n — 1) sin a — (po + 7) cos a (53) 


Line EE’ 

6 = 6, and 6; is found from the equation of the line DE for the 
value of R = Ry. 

The boundary line DE as well as the values of @z and 6 were 
computed on the IBM 650 digital computer. The numerical 
method used is described in Avitzur’s thesis [5]. The actual 
boundaries of the area of contact, Fig. 5, are fully defined in the 
same reference. 

In order to calculate the total energy of deformation under the 
torus, it is necessary to integrate within the boundaries of R and 0. 
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Since the boundaries of integration have to be solved numerically, 
the IBM 650 digital computer was also used for the numerical 
evaluation of the integrals. Even though a computer was used, it 
is necessary to simplify the boundaries as shown by the dotted 
lines in Fig. 6. The programming of the computer is not shown 
in the paper for obvious reasons. 

Forces. The total spinning power can be divided into the feed 
power and the tangential power, W, and Wy, respectively. 
Since W, is small compared with W, as observed from the ex- 
periment, the former is neglected here. Thus 

Wr = tUs 
where ¢ = tangential force. 

Numerical calculations of the tangential forces versus feed, in- 
cluded angle and round-off radius were plotted and shown in 
Figs. 13, 14, and 15, respectively. 

Solving the Power by a Simplified but Approximate Method (Deforma- 
tion Theory). It is seemingly difficult to calculate the spinning 
power and the tangential force. What is more, the necessity of 
using a digital computer to evaluate the integrals handicaps one 
in getting a quick numerical answer. Therefore the following 
simple method is suggested to obtain an approximate power and 
tangential force with comparatively little effort. 

A cubic block of unit volume as shown in Fig. 9 is subjected to 
pure shear with load, k psi X 1 sq in. = k Ib 


(54) 


where 
shear strain = y 
displacement = 1 tan y 





Oy ness 
—T 

: 

1 

1 

' 

' 

; 





“a 77777? a a al a db th 


Fig.9 Deformation of a cube by pure shear 





work per unit volume = w = (0)/+/3) tan y (55) 


total volume worked on cone = V 
= 24RN&F sin a in?/min (56) 
and 


y = 90° — a (57) 


W = total power = 24RN sin ask — 


v3 


tan Y 


2 
= V3 TOsNFR cos a (58) 
Numerical calculations for a few examples of the tangential 


forces using this simplified method also were plotted in Figs. 13, 
14, and 15 in dotted lines. 


Experiments and Results 


Two types of experiments were conducted. One was designed 
to study the nature of the deformation in spinning. The other was 
designed to measure forces between the tool and the work, and also 
the spinning power. 

investigation of Deformation Pattern. In the original disk 0.0125- 
in. holes were drilled and plugged with ‘‘sculp” metal (aluminum 
alloy) as shown in Fig. 10. After the cones were spun, the metal 
was cut and filed carefully until the holes were revealed. From 
the direction of the plugs, a three-dimensional deformation pic- 
ture was constructed. A typical picture of the holes is shown in 
Fig. 11. This cone was spun and checked by the Cincinnati 
Milling Machine Company as part of a study conducted there. 
Detailed comparisons between the model cone and actual cones is 
given in [5]. 

In Fig. 12 a top view of the radial line of holes shows the shear 
€re of the cone. The angle ag indicates the extent to which the 
outer surface slipped over the inner surface of the cone. Numeri- 
cal measurements of the distortion of the plugged holes can be 
found in Ref. [5]. 

In the analytical approach it was assumed that ag = ap = 0. 
It was observed experimentally that a» and az do not exceed a 
few degrees. In standard practice a@ is not over 75 deg, which 


0125" DIA STARTING 
ZZ MOLE - 40 HOLES REQ'D 





11.830" DIA 











Fig. 10 Drilled holes in original disk to study deformation 


Journal of Engineering for Industry 


aucust 1960 / 237 





means that the minimum shear angle is over 15 deg. Since ay 
and @p are much smaller than 15 deg, it is justified to assume 
that ap = a = 0. 

In the analytical approach €gz was further assumed as pure 
shear, which means that a = 0. This assumption does not 
actually hold. For large a, it seems that the deformation is 
closer to pure bending. For smaller a, the deformation is closer 
to pure shear rather than bending. For simplicity of the compu- 
tation pure shear has been assumed throughout the study. (For 
the difference in power consumption between pure shear and 
bending, see Appendix 2 of [5].) 

Measuring Tangential Force and Power. Two sets of experiments 
were conducted separately at the Cincinnati Milling Machine Com- 
pany and Spincraft, Inc. At the Cincinnati Milling Machine 
On their power- 


Company tests were made to measure the forces. 


shia cey ais 


Fig. 11 A cut of a spun cone 
(Courtesy of The Cincinnati Milling Machine Company) 


RADIAL 


fey 


SECTION B-B 





spinning machine the roller is mounted on a three-dimensional 
dynamometer to measure the forces between the roller and the 
cone, the feed force, tangential force and the axial thrust. In this 
study only the tangential force is of interest. The experimental 
results are given in Table 1. The effect of the parameters, feed, 
included angle, and the round-off radius on the tangential force 
was plotted and shown in Figs. 13, 14, and 15. At Spincraft, Inc., 
the power consumption of a d-c motor which drives the main spin- 
dle was measured. The setup is shown in Fig. 16. The tare horse- 
power and the horsepower for spinning were measured separately. 
The power consumption for deforming the cone W® is calculated 
as follows: 

if HP with load — tare HP 


efficiency 


we 





Since it is not easy to get the efficiency, it was assumed to be 100 
per cent for the first approximation. The experimental results 
are given in Table 2 and plots shown in Figs. 13, 14, and 15. The 
true stress and strain curves for aluminum specimens were ob- 
tained and a typical sample for 1100-H is shown in Fig. 17. The 
yield strength is taken as an average of the true stresses in the 
region after yielding. The averages of the yield strengths from 
several test runs are listed in Tables 1 and 2. 


Conclusion 


Results from theoretical analysis and experimental tests agree 
fairly well regardless of difficulties involved in the force and power 
measurement. The forces calculated from the simplified deforma- 
tion theory is the lowest among all the forces computed from the 
lengthy analysis using incremental theory. 

The effect of the variables on the tangential forces is observed 
as follows: 


1 As the radius Ry gets bigger, the tangential force is de- 
creased, but it will never get to a value less than that predicted by 
the simplified method as shown in Figs. 13, 14, and 15. 

2 The tangential force is linearly proportional to the yield 
limit 7 and the blank thickness so. 

3 Increasing the feed F will increase the tangential force. 

4 The larger the included angle (2a ) of the cone, the sn»siler 
will be the force. 

5 As the roller round-off radius ry) approaches zero, the ef- 
ficiency approaches its best value; i.e., smallest force. As ro 
gets bigger than about '/, in. in practical conditions, a further 
increase of ro does not affect the force appreciably. 

6 As the roller radius p) approaches zero, the force is least. 
When p» ranges between 6 and 10 in. (6 in. < po < 10 in.), the 
tangential force changes very little. 





Fig. 12 Distortions of holes in cone 
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t'(im), WEIGHTED TANGENTIAL FORCE 


t'(1m), WENMNTED TANGENTIAL FORCE 


r 





The Effect of the Feed (F) on the Weighted Tangential Force (t') 


- - - Predicted by the simplified Method (Deformation Theory) 
Predicted by the Analysis (Incremental Theory) 


The Tangential Force t = do'8o't' (1b.) 


The Power 
Spincraft Experimental Data 

O— Ro = 2-19/32 in. 

O— Rp = 7.4 in. 

Po = 4.5 in., ro = 3/7 in. 

a. =27.5° 


Test NO. 


Fides 


2 3 114 116 


1 1 4 L 1 


t'(im), WEIGHTED TANGENTIAL FORCE 








02 .04 08 06 10 
FEEO , IPR 


Spincraft Experimental Data 
O— Ro = 2-3/8 in. 
O— Ro = 7-3/8 in. 
Po = 4.5 in., To = 3/8 
ap = 5h 


° 

a 
22 

A. 


4 A i 


t'(im), WEIGHTED TANGENTIAL FORCE 





04 06 08 10 
FEED , IPR 


.O7 


.06 


.08 


04 


Ws 2aRoNt = 2x: €'8o'Ro'N-t! (*Bi22:) 


Spincraft Experimental Data 
r 6O— Ry = 3-5/8 in. 
O~ Rp = 8 in. 


Po 2 4.5 in.» ro * 3/8 in. 
a = 42.5° 








FEED , IPR 


O— Cincinnati Experimental 
Data at Rp = 1 in. 


Qo * 7 in., rg = -250 in. 
n° | 


TEST NO. 








Ol .0f2 8 04 .06 
FEED, IPR 


Fig. 13 Curves of tangential forces versus feeds 
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The Effect of the Included Angle 2Q, on the Weighted 
Tangential Force t' 


- - - Predicted by the Simplified Method (Deformation Theory) 
Predicted by the Analysis (Incremental Theory) 
The Tangential Force t = gosot' (1b.) 
The Power Wa 2aRoNt = 2xGo8oR net (20. in.) 
° min. 


Spincraft Spincraft 
Experimenta] Data Experimental Data 


O— Ro= 3 in. 

O— Ro= 8 in. 
Po * 4.5 in. 
ro = 3/8 in. 
F = .080 ipr 


O-— Ro= 3 in. 

O-— Ro= 8 in. 
Po * 4.5 in. 
To ® 3/8 Dp. 
F #.100 ipr 


TEST 


t'(in), WEIGHTED TANGENTIAL FORCE 
t'(IN), WEIGHTED TANGENTIAL FORCE 


118 138 128 : 114 134 124 








i 1 1 n 4 i 1 i 
20 40 60 80 90 20 40 60 80 90 


HALF THE INCLUDED ANGLE Gor DEG. HALF THE INCLUDED ANGLE @,. DEG. 








O— Cincinnati Experimental 
TEST NO. Data at Ro = 1 in. 
ws 
. Pp = 7 in. 
to > 1/4 in. 
F = .028 ipr 
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Fig. 14 Curves of tangential forces versus included angles of cones 
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The Effect of the "Round-Off" r, on the 
Weighted Tangential Force t' 


- - - Predicted by the Simplified Method (Deformation Theory] 
Predicted by the Analysis (Incremental Theory) 

The Tangential Force t = Go8ot' (1b.) lb.in. 

The Pover W = 2aRoNt = 2xdosoRoMt* (“iE ) 


Spincraft 
Experimental Data 
O— Ro= 3 in. 
O— Rox 8 in. 
Po = 4.5 in. 
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&— Cincinnati Experimental 
Data he Ro #1 in. 
Oy = 55°. 

r = .030 ipr 

i 4 i A 
.250 375 
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Fig. 15 Curves of tangential forces versus round-off radii 
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Table 1 Cincinnati results of recorded forces 
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Fig. 17 True stress-true strain curve for Al 1100(2S)H 


Acknowledgment 


Assistance from Mr. Serope Kalpakcioglu, Senior Research 
Engineer, The Cincinnati Milling Machine Company, and staffs 
in Spincraft, Inc., in obtaining the experimental data is deeply 
appreciated. The authors wish to thank also the Army Ballistics 
Missiles Agency for its support of the present investigation by 
Project No. DA-11-022-ORD-2542 to the University of Michigan. 


References 


l(a) B. N. Colding, “Shear Spinning,” ASME Paper No. 59— 
Prod-2, 1959. 

1(b) J. N. Feola, ‘Experimental Analysis of Shear Deformation,” 
MS thesis, Syracuse University, Syracuse, N. Y., January, 1955. 

l(c) E. Siebel and K. A. Droge, ‘‘Forces and Material Flow in 
Spinning,” Werkstattstechnik and Maschinenbau, vol. 45, 1955, pp. 


6-9. 
2 H. Reicher, ‘Roll Spinning of Cone Shaped Aluminum Parts,” 


Journal of Engineering for Industry 


Fertigungstechnik, vol. 8, part 1, 1958, pp. 181-184, vol. 8, part 2, 
1958, pp. 252-260. 

3 H. Rouse, editor, ‘Advanced Mechanics of Fluids,”’ John Wiley 
— New York, N. Y., 1959, p. 204. 

W. Prager and P. H. Hodge, Jr., ‘Theory of Perfectly Plastic 

Solide,” John Wiley & Sons, New York, N. Y., 1951, p. 31. 

5 B. Avitzur, “Analysis of Power Spinning of Cones,” 
thesis, University of Michigan, Ann Arbor, Mich., June, 1959. 


APPENDIX 


Transformation of Co-Ordinate Systems and Mathematical 
Description of Toric Part of Roller 
The Sets of Axis and Their Transformation. 
ordinate systems (see Fig. 4): 
1 (2, y, 2) Cartesian co-ordinate system, with the origin 0’. 
The axis z is the axis of cylindrical symmetry for the roller, and 
the origin is the center of the toric portion of the roller. 


PhD 


Consider three co- 
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2 (X, Y, Z) Cartesian co-ordinate system, with the origin O. 
The axis Z is the axis of cylindrical symmetry for the cone. 

3 (R, 6, Z) cylindrical polar co-ordinates with the same origin 
O and Z-axis as the second Cartesian system. 


The directional cosines for transformation from (z, y, z)-system 
to (X, Y, Z)-system and vice versa can be represented as in 
Table 3 


Table 3 Directional cosines 
4 y z 
COS ao 0 sin ao 


xX 
Y 0 1 0 
Z 


—sin ap 0 COS ao 


The transformation scheme is according to the following equa- 
tion: 
\ 
= a;+a,;X, | 
p 
b; + a,;2, } 
where 
1, 2, 3 denote column number in Table 3 
1, 2, 3 denote row number in Table 3 
denote co-ordinates of origin O in (z, y, z) co-ordinate 
system 
= & = 0 
—Fn 
denote co-ordinates of origin O’ in (X, Y, 7) co-ordinate 
system 
Fn sin a 
: 0 
Fn cos Q 


X; = 
The transformation is now getting this shape: 


=a,+ aX + A2X2 + ay3X3 = anX; + 413X3 


= X cos a — Zz SiN A 
2 + yX; + AxX2 + a22X3 = AwnX2 = Y 


G3 + aX, + A2X2 + aX; 
= (3 oa az1X1 + 33.2 ¢ = —Fn + x sin Q> + Z cos Ao 


And applying the second of Equation (59), one gets: 


X = 2 c0s & + zsin ay + Fn sin a 


— zsin ay + 2 cos A + Fn cos ay 


The transformation from (R, 0, Z)-system to (X, Y, Z)-system 
is to be performed by: 


X = Roos 9 
Y = Rsin 6 
Z=Z 
and from (X, Y, Z) to (R, @, Z) is performed through 


R = VX? 4 Fy? 
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X Y 


a i) — 


o/X? 4 ¥3 Y 


= cos~! —=—————— _ = sin 


Vx? + ¥ 
Z=Z 


The transformation from either system to any other system of 
the three is now given. 


x = X cos a — Z sin a 


= R cos 8 cos a — Z sin ao 
Y = R sin 0 


X sin a + Z cos a — Fa 





= R cos 6 sin ay + Z cos a — Fn 
X = Reos 6 = x cos a + z sin a + Fn sin ay 
Y=Rsnd=y 
Z = Z = —2z sin a + z cos a + Fn cos a 
(X? + ¥?*) ‘+= [(x cos a + 2 cos a, 
+ Fn sin ao)? + y?] 
~b sia ia gk Soeetmdato 
VX? + ¥3 VX? + ¥2 
Z COS A + z sin a + Fn sin a 


V(x COS Q@ + z sin & + Fnsin a)? + y? 





cos™! 











| Z =z = —x sin a + z cos a + Fn cos a 


The Roller. The roller is composed of a half torus and a cylinder. 
The half torus exists for z > 0. Its equations are: 


[V 2? + y? — pol? + 22? — mo? = 0 


G = [VR cos 6 cos a — Z sin Q)? + R? sin? 6 — po]? 
+ [R cos 6 sin a + Z cos a — Fn]? — ro? = 0 





(61) 


DISCUSSION 
Serope Kalpakcio glu? 


This is undoubtedly the finest effort made to date to arrive at 
an expression for the power consumption in the shear spinning 
process. The tangential force in spinning is a very important 
quantity and is of great interest both to designers of power 
spinning machines and to production engineers faced with prob- 
lems of sufficient power to carry out a certain spinning operation. 

It is encouraging to note that there is excellent agreement 
between the incremental theory and the simplified deformation 
theory at large radii of the workpiece. It should be remembered 
that it is at the higher radii that the tangential force becomes 
important, thus the simplified deformation theory should prove 
very useful. The power spinning process is a highly complex 
one and certain simplifications in any analysis are inevitable. 
In view of this the good agreement between theory and experi- 
ment is noteworthy. In spite of the high strain rate in spinning, 
the use of average yield stress a») from conventional low strain 
rate tensile data and its good agreement with experiment appear 
to be difficult to explain. A similar agreement has been observed 
by Kobayashi and Thomsen in metal cutting data and this 


2Senior Research Engineer, The Cincinnati Milling Machine 
Company, Cincinnati, Ohio. 

3$. Kobayashi and E. G. Thomsen, ‘Some Observations on the 
Shearing Process in Metal Cutting,’’ JourNAL of ENGINEERING FOR 
Inpustry, Trans. ASME, series B, vol. 81, 1959, pp. 251-262. 
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writer agrees with these authors that the reason for such good 
correlation is indeed not clear. 

While both theories state that the tangential force is directly 
proportional to the original blank thickness so it has been experi- 
mentally observed that this is not the case. While the axial and 
normal forces appear to be directly proportional to so the tangen- 
tial force increases faster than so. This can be seen if points 
D301 and D427 from Table 1 are plotted in Fig. 13. (Actually, 
the point D427 will be higher because the material for this point 
was softer than the rest; Bhn 29 versus 42. Thus, if it had the 
same hardness as the rest, the experimental force value would be 
greater.) The tendency for the faster increase of the tangential 
force with respect to 8 has also been observed in 1020 steel, while 
the other forces increase in direct proportion. This phenomenon 
has been difficult to explain. While it is true that the flange 
bends forward more and more as 8» increases, it has been experi- 
mentally determined that the energy going into the flange bend- 
ing is only a few per cent of the spinning energy. The discrepancy 
may be due to a change in the metal flow pattern as s» increases. 

A final point concerning Fig. 14: The curves for simplified 
deformation theory are true cosine curves with oo obtained from 
Fig. 17 and given a constant value, irrespective of a. It should 
be remembered, however, that the average value of oo will 
depend on the maximum true strain. Thus the value of oo at any 
mandrel angle a will be different. While, for a limited range of 
q@ and for a relatively low strain hardening material like 1100 
aluminum, the error will be small, for high strain-hardening 
materials, like 304 stainless steel, this error will be considerable, 
as seen from Table 3. This point should be kept in mind when 
comparing experimental and theoretical data. 


Tabie 3 Average yield stress , for 304 stainless steel in tensile test; 
Bhn = 133 


Natural 
strain, ¢ 
0. 
0. 


True stress, 
g, psi 
93 ,000 
127 ,000 
141,000 
152,000 116,000 
163 ,000 124,000 
174,000 132,000 


Average stress, 
0, Psi 
74,000 
88,000 

108 , 000 


SOD 


~ 


-—-- OS 


b 


While the correlation between theory and experiment is good, 
care should be taken to avoid generalizations by those who use 
the analytical results, particularly in dealing with new metals so 
widely used in the present age. 

The authors are to be commended for very fine work and it is 
hoped that they will continue this study toward obtaining 
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analytical expressions for the other forces too, which, while not 
contributing much to the over-all power consumption, are quite 
large in magnitude. 
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mentary remarks and fine discussion. 

Mr. Kalpakcioglu questioned the fact that a stress-strain 
curve from a low strain-rate test was used in the analysis, whereas 
spinning was done at a much higher strain rate. However, good 
agreement between analytical and experimental results was ob- 
tained. This could be attributed to the reason that for copper 
and aluminum flow stresses are increased merely a few per cent 
while strain rate is raised to as much as 1000 times according to 
Professor Fukui, et al.‘ This is because at the high strain rate 
the strain-hardening effect could be counteracted by the heat 
effect. This reasoning can also be well applied to metal cutting 
with similar work metals. 

Mr. Kalpakcioglu made a remark that the theory predicts linear 
relationship of the tengential force with the original blank thick- 
ness (s)) but experimental points D301 and D427 (in Table 1) 
show results contradictory to the theory. It must be emphasized 
that the theory of spinning of cones holds under the condition 
that the blank thickness of those cones is much smaller than the 
minimum radius of the cone as was stated in the second assump- 
tion on page 232. As this assumption was violated for these two 
points, discrepancy between analytical and experimental results 
is expected. 

The authors agree with Mr. Kalpakcioglu in the statement that 
for different cone angles the average yield limit is different due to 
different strain-hardening effect as shown in Table3. For amore 
rigorous analysis this should be incorporated in the computation 
of the tangential force although it will introduce more compli- 
cated equations. A single average value of the yield limit was 
used in this study (see Tables 1 and 2) only because the variation 
of cone angles in the tests was small. 

The work on spinning which the authors reported in this paper is 
merely the first step toward the understanding of this complicated 
problem. In the analysis many assumptions were made for 
simplification of the solution. Therefore caution must be taken 
in generalizing the analytical and <xperimental data. To havea 
better understanding of the process further study both analyti- 
cally and experimentally should be pursued. 


4S. Fukui, H. Kudo, and J. Seino, ‘“‘Study on Impact Extrusion 
Method for Nonferrous Metals,” Report of the Institute of Science and 
Technology, University of Tokyo, vol. 11, no. 9, 1957, p. 98. 
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Some Problems of Press 
Forging Lead and Aluminum 


Several press forgings were made and it was found that the experimental mean forging 
pressures were in substantial agreement with values predicted by theoretical solutions 
based on an approximate theory. The forging processes were axial symmetric forging 
of disks between flat dies and forging in closed dies with several edge effects, such as 


overhanging flash, with and without flash-edge restriction. The materials were com- 
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merically pure aluminum and lead and were chosen because of their respective work- 
hardening and strain-rate effects at room temperature. It was found further that the 
local pressures measured in the forging were in good agreement with the theory, but that 


some local plastic flow tends to equalize the pressure in the body of the forging. 


a problem of press forging of metals has theoretical 
as well as technological significance in that solutions would help 
to bring about a better understanding of the behavior of metals 
during plastic deformation at high pressure. Such solutions 
would give specific answers to problems actually encountered in 
practice. It is for these reasons that a number of investigators 
have dealt with the forging problem and have proposed certain 
theoretical solutions which are based on a material having the 
properties of an ideal plastic solid. This leads to so«alled slip- 
line solutions. The work was done by Prandtl [1],! Hill, Lee, and 
Tupper [2], and Green [3]. 

Other investigators have used more approximate methods for 
obtaining solutions by assuming the metal of the forging to be a 
real metal, but assuming that the state of stress in the metal can 
be simplified. These treatments are given by Siebel [4], Sachs 
[5], and Stone and Greenberger [6]. Comparison of these ideal 
and approximate solutions was made by Alexander [7], Bishop 
[8], and Kobayashi and Thomsen [9], and comparisons of ex- 
periment with theory were reported by Watts and Ford [10], 
Kobayashi, et al. [11], Schroeder and Webster [12], and Ko- 
bayashi, MacDonald, and Thomsen [13]. It was found by the 
latter investigators [11, 12, 13], that the approximate solutions, 
using a simplified state of stress, give good correlation with ex- 
periment. It is the purpose of the present investigation to report 
additional data and to examine the extrusion of the flash during 

1 Numbers in brackets designate References at end of paper. 

Contributed by the Metal Processing Activity of the Production 
Engineering Division and presented at the Annual Meeting, At- 


lantic City, N. J., November 29—December 4, 1959, of THz AMERICAN 
Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 7, 
1959. Paper No. 59—A-164. 


Nomenclature 


closed die forging as a possible method for improving the forging 
process. Some schematic diagrams of the dies for the forging 
tests to be discussed are sho +n in Fig. 1. 


Forging of Disks 


The forging of disks from short cylinders between flat dies has 
been treated theoretically at length recently by Bishop [8] who 
proved that the approximate equation 

do, _ do, 


a: a eee 1 
dr dr h (1) 


must be a good approximation to the state of stress in the disk. 
In order to solve equation (1), however, the further assumption 
must be made, that yu is not a function of 7 and A and that ¢, is 
constant throughout the thickness A of the disk at any r. The 
solution for the axial stress component o, then is given in dimen- 
sionless form by 


2u 
pe eh (r7—1) 


(2) 


where & is the instantaneous yield stress or flow stress The 
magnitude of ¢ depends on whatever effect strain (work-harden- 
ing effect), strain rate (dynamic effect), or both, have on the in- 
stantaneous yield condition of the metal. These effects must be 
determined from a property test. If the coefficient of friction be- 
comes large, sticking of the metal in the deformed disk adjacent 
to the die surfaces may occur. Hence plastic shear deformation 
in the surface layers near the die surfaces may take place instead 
of sliding. This condition, in accordance with the accepted von 
Mises’ yield criterion applicable to ductile metals, is given by 
—yo,/¢ = 0.577 [11, 12]. Thus equation (2) for sticking” be- 
comes 





extrusion ratio 

constants 

exponent 

instantaneous flash height, in. 
initial flash height, in. 


= instantaneous flash height when 


ry = Pp, in. 
instantaneous radius anywhere 
in flash or body of forging, in. 
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= die radius, in. 


flash radius, in. 
critical radius at which sticking 
occurs, in, 


= die-land edge radius, in. 


average forging pressure, psi 


= average extrusion pressure, psi 


normal stress component in r- 
direction, psi 


normal stress component in r- 
direction at r = rp, psi 

normal stress component in 2z- 
direction, psi 

effective stress, psi 

effective strain, in/in. 

effective strain rate, in/in. per 
sec 

coefficient of friction 
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for the range of r,0 <r < ro, where ry is the radius at which stick- 
ing terminates and is given by 


h 1 
nore aie) > 


Utilizing the equations (2), (3), and (4), the average dimension- 
less forging pressures can be determined by integration [12, 13] 
and are as follows: 


h (ee ur, 
h 
h 2uro 7 -n) 2ur, 
an i een! Bee 
tty i i e h 


To $ 1 2+/3 To 
+ (8) lacs 9 rf ee 


The theoretical equations (5) and (6) are plotted in Fig. 2 


1); for m <0 (5) 
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together with experimental data obtained previously by the 
authors when compressing commercially pure lead cylinders of 
several initial heights ho, which were reported earlier [13]. It is 
seen that for dry dies and for dies lubricated with petroleum 
jelly, the data align themselves approximately along the u ~ 
0.577 and wp & 0.05 to 0.10 curves, respectively. Inasmuch as 
the instantaneous flow stress for lead is dependent principally 
on strain rate, it was thought to be of interest to compare the 
theoretical curves of Fig. 2(a) also with a work-hardening ma- 
terial. Consequently, 2-in-diameter bars of commercially pure 
1100-F aluminum were annealed in a salt bath at 650 F for 1 hr. 
The plastic stress-strain property was subsequently determined 
for the annealed alloy from a compression test with grooved and 
lubricated end surfaces of short 1-in. X 1-in. cylinders and were 
found to follow the approximate stress-strain law in the fully plas- 
tic region given by the equation ¢ = 22200(¢)*-**. The effective 
strainé in the case of compressing or forging a cylinder is closely 
given by In (h/ho), while é is given by the rate of change of ¢ with 
respect to time. 

The comparison for lead and aluminum using the platens shown 
in Fig. 1(a) for the forging of cylinders having initial heights of 
ho = 1.01 in. is given in Fig. 2(b). It is seen that the experi- 
mental points for dry friction with aluminum are slightly lower 
than those for lead, while those for aluminum lubricated with 
graphite in oil are slightly higher than those for lead. Hence 
forging pressures under the test conditions explored appear to de- 
pend to a greater extent on the degree of lubrication in forging 
lead than do those in forging aluminum. 

Inasmuch as the dies were equipped with pressure-sensing ele- 
ments as shown in Fig? 1(a), a comparison of local pressures for 
lead and aluminum is now also available. Consequently, the 
dimensionless local forging pressures — o,/¢ as function of r,/h 
for ho = 1.01 in. are shown for lead and aluminum in Fig. 3 for 
conditions of dry friction. The solid lines are the predicted local 
pressures as given by equations (2) and (4) for uw > 0.577. A 
comparison shows, therefore, that the experimental points in 
general fall reasonably close to the theoretical curves for both lead 
and aluminum. It was unfortunate, however, that it was not 
possible to extend the comparison of theory with experiment to 
the same strain with aluminum as was done with lead. This 
limitation with imposed by die strength and press capacity. 


Closed-Die Forging With and Without Overhanging Flash 


The closed-die forging of lead and aluminum was discussed 
earlier by Kobayashi, et al. [11], and local pressure determinations 
with lead were reported by Kobayashi, MacDonald, and Thom- 
sen [13]. The present investigation extends the local pressure 
measurements also to aluminum. In the closed-die forging it is 
assumed that the metal in an axially symmetric forging, when 
squeezed between dies in a finishing operation as shown in 
Fig. 1(a), can be treated as a fictitious disk. Hence, a similar 
analysis as that for forging a disk, discussed in the foregoing sec- 
tion, can be utilized for this process. It is assumed in the analysis 
{11] that the metal in the disk attached to the body of the forging 
is subjected to metal shearing, while that in the flash may slide 
over the dies unless the condition for sticking is satisfied. The 
equations are as follows: 

(a) For the case of overlapping dies with the die and flash radii 
given by r, and r,, respectively, 

Qu 
SE ee : 
& 


(r¢—r) 


when ry <r <r, 


2 
g, 2 3 (r¢—Ta), 


“a ree 





when 0 <r<r, 
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(b) Lead and aluminum, dry and lubricated for ho = 1.01 in. 


Fig. 2 Theoretical and experimental dimensionless average forging pressures as function of radius 
to height ratio of disks of commercially pure lead and aluminum 
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In the event that frictional resistance becomes so great that the 
radius ro at which sticking occurs lies within the flash radius, then 
equations (7) and (8) reduce to those of a disk given previously 
by equations (2) to (6), inclusive. 

(b) For the case of overhanging flash, Fig. 1(b), assuming that 
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the resulting radial and hoop stresses at the edge of the dies are 
zero. Strictly this condition applies only at the instant when the 
flash radius is equal to the die radius rz; this condition also applies 
when r, becomes large and conversely h becomes sufficiently 
small that the hoop stresses in the overhanging flash can relieve 
themselves by buckling of the flash. The resulting equations 
consequently are those of equations (7) and (8) as long asr, < rp 
where ry is the die-land edge radius. 
When r, > rp the equations reduce to the following: 
o 2 (rr—r) 


(9) 
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Fig. 2 Loca! dimensionless axial pressure distribution for lead and 
aluminum for the condition of forging 2-in. cylinders dry between over- 
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(c) For the case of overhanging flash but under the assump- 
tion that the resulting hoop stress due to flash overhang is not 
zero, the equations are the same as those of (7) and (8), as long 
asr; < rp. Whenr, > r, the approximate correction term given 
by Kobayashi, MacDonald, and Thomsen [13] must be used as 
given by 


—_ 1 
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hp 
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so that, 
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Fig. 4 Theoretical approximate average pressures for closed die forging 
as function of height ratio for three conditions of surface friction 
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where (¢,),, is the radial stress in the flash at r = rr. 


The theoretical curves of p,/& versus ho/h, which correspond to 
the equations given in the foregoing sections (a) to (c), are plotted 
in Fig. 4 and have been identified by the same letter for several 
values of uw. It is seen that the curves for overhanging flash for 
the two values of (¢,);7 = 0 and (¢,),» # 0 differ only by a 
relatively small amount. Hence, comparison of theory with 
experimental data for a forging with overhanging flash is made 
only with (B) type curves, where (¢,);p = 0, and is shown in Figs. 
5(a) and 5(b) for lead and aluminum, respectively. The parame- 
ters are ho = 1.01 in. andr, = 1.00 in., thus ho/r, = 1.01. It is 
seen that the lead and aluminum curves are nearly identical and 
agree reasonably well with the theory. However, the comparison 
was again limited by the extent to which aluminum could be 
forged with the available die and press capacity. A similar 
comparison with lead and aluminum for overlapping dies, type A 
curve of Fig. 4, is given in Fig. 5(c). The experimental local 
pressures of the two metals are also compared with the theory for 
uu > 0.577 and are given in Fig. 6. This is done only for overhang- 
ing flash, and it is seen that the pressures in the body of the lead 
forging, gages I, II, and III of Fig. 6(a), lie between the theoretical 
curves I and II, thus indicating that some plastic flow equalizes 
the pressure within the body of the forging. This is a fortunate 
fact in that it permits possibly a more uniform impression of the 
metal in the whole body of the forging than would be predicted 
by the theory alone. The agreement between experiment and 
theory in the flash, however, as given by gage IV is good and in- 
dicates that a pressure gradient exists in the flash as predicted by 
the theory. The comparison between theory and experiment for 
aluminum was limited to the wall pressure gage III, since the 
pressure pad containing the remaining pressure-sensing elements 
could not be used with the high local pressures necessary to />:ge 
the aluminum. It is seen, however, that the experimental values 


(13) 
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for both lead and aluminum are in general in good agreement with 
local and average theoretical forging pressures. 


Closed-Die Forging With Extrusion of the Flash at Die-Land 
Edge 

Returning momentarily to the theoretical curves of Fig. 4, it 
is seen that the average forging pressure, say for u = 0.577, rises 
fastest with overlapping dies. Overlapping dies, however, have 
the disadvantage that the forging pressure can only be raised to 
high values at large ho/h. This corresponds to large values of r, 
for any given hy and consequently to large values of total load 
since with overlapping dies the total load is ever increasing as 
r, increases. This disadvantage is not present with the forging 
processes given by type C or B-curves of Fig. 4, but the pressure 
can be raised only by significant reductions in flash height. This 
may be a disadvantage and, hence, an alternate process will be 
given which is less dependent on ho/h once the flash radius r, has 
reached the die-edge radius ry. The process is illustrated in the 
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Fig. 5 Theoretical and experimental dimensionless average forging 
pressures as function of height ratio in closed die forging of commercially 
pure lead and aluminum 


schematic drawing in Fig. 1(c). It is seen here, that the flash is 
prevented from leaving the die lands freely by an annular restric- 
tion, as shown in the figure. This restriction is equivalent to an 
extrusion of the flash through a narrow gap, which can be (or not) 
designed in such a way that the extrusion ratio remains constant 
as h decreases. The constant extrusion ratio then is given by the 
ratio of Ao/a, where Ag = 2mr,h and a is the area of the opening 
through which the metal is squeezed at the die edge. Several in- 
vestigators [14, 15] have shown that the position of the extrusion 
with regard to the axis of the billet is relatively unimportant, and 
hence that the extrusion ratio is the appropriate variable for ob- 
taining the extrusion pressure. Thus the pressure required to ex- 
trude can be given in several empirical forms [16], but appears to 
be most readily approximated by a consideration of the work of 
plastic deformation. The pressure to extrude in an inverted ex- 
trusion process is given for work-hardening metals, such as 
aluminum, by 


p,=~C f, * eda 
“1 
and for metals affected principally by strain rate, such as lead, by 


(15) 


where the constant C ~ 1.5 is an empirical factor to correct for 
the work of shear deformation which was neglected in deriving 
these formulas and K is an empirical factor to correct for the 
effect of extrusion speed. Thus by rewriting equations (14) and 
(15) in terms of the dimensionless radial pressures at the die-land 
edge in the forging process of Fig. 1(c) and by setting —¢, ~ p,, 
i.e., assuming near hydrostatic conditions at the edge of the flash, 
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Fig. 6 Local dimensionless pressure distribution as function of height ratio in closed die forging of commercially pure (a) lead and (b) aluminum 


where é is the effective strain in the flash upon reaching the die- 
edge radius and 


a=a4+l— 
a 


Hence, substituting these equations in the former equations 
(11), (12), and (13), the local and average forging pressures can be 
computed. It is to be noted, however, that the solution for these 
equations will result in different theoretical values for each ex- 
trusion ratio tor work-hardening metals, and in addition for each 
strain rate for those metals that are affected by strain rate. In 
the case of the lead forgings to be discussed the die-land-edge 
orifice or gap was such as to keep the extrusion ratio Ao/a ~ 5.0. 
Hence, equation (17) for lead can be evaluated as soon as K and n 
are known. Thomsen [17] has given the necessary information for 
inverted extrusions at various speeds and extrusion ratios. Thus 
the extrusion pressure at an average forging speed of 0.03 ipm re- 
quired an average forging pressure of 5000 psi in an inverted axial 
symmetric rod extrusion of commercially pure lead. The average 
flow stress & for this speed is approximately 1700 psi and the 
magnitude of the radial dimensionless pressure becomes ap- 
proximately 


( o, 5000 
-{—) ~— =294. 
&/ry 1700 


Assuming that this value can be used for the present extrusion of 
the flash in our forging, the average forging pressure can now be 
evaluated by equation (13). The results of such calculations are, ~ 
shown as a solid curve in Fig. 7(a), together with the data of two 


experimental forging tests using commercially pure lead. It is 
seen again that the theory gives the correct order of magnitude of 
pressures, even though small differences exist, which may be due 
to some of the assumptions made, such as the neglect of additional 
stresses and others, once the flash has been extruded. Actually 
the neglect of this effect may not be serious in the present case. 
In fact, it is more likely that contact of the upper forging die 
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with the extruded flash increased the total load some relatively 
small but unknown amount in the range of pressures investi- 
gated. It is also to be noted that the local pressures shown in 
Fig. 7(b) give trends similar to the average forging pressures and 
that the local pressures tend to equalize in the forging as well as 
in the flash, as the extrusion of the flash is initiated. 

In closing, it may be of interest to compare the effectiveness of 
the process of extruding the flash of a forging to that of merely 
forging with overhanging flash as given by curves 1 and 2 in Fig. 
7(a) for 4 = 0.577. Thus if it were desired, for example, to raise 
the average pressure to a value of 15,000 psi, it would be necessary 
to reduce the height of the flash to '/, of its initial height when 
using the extrusion process (curve 1), while for the more conven- 
tional process (curve 2), the height of the flash would have to be 
reduced to '/s9 of its initial height. 


Conclusions 


1 The press-forging equations based on simplified states of 
stress yield predictions of average forging pressures which are in 
substantial agreement with experimental data obtained with com- 
mercially pure lead and aluminum. 

2 The local press-forging pressures as determined by pressure- 
sensing elements were in agreerment with those predicted by the 
theory for the lead and aluminum-disk experiments. For the 
closed die-forging experiments the local pressures tended to 


, equalize within the body of the forging. This is at variance with 
' the theory but is readily explained by the readjustment of the 
pressures ciue to internal plastic flow. 


3 The possible increase of forging pressures due to the extru- 
sion of the flash through a restriction at its edge is substantial 
when compared with conventional processes; it appears to be a 
feasible forging process for the purpose of improving the impres- 
sion ability in press forging. 
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Metal-Cutting 


An analysis of the orthogonal chip process for a strain-hardening material is presented 
together with a qualitative evaluation of the effects of temperature increases and of flank 
rubbing. An exprestion is derived for the average stress on plane: :hrough the tool point 
ahead of the shear plane. The authors postulate that the strain-hardening requires that 


a stress-reinforcing phenomenon be present and that this requires the shear to take place 


in a region of increasing Stress. 


The rate of increase required is postulated to depend 


on the final strain imparted to the chip. Data from the literature are presented to sup- 
port this view. The conclusion is drawn that the strain imparted to the chip is a measure 
of the deviation of the shear angle from the Merchant minimum-energy condition. 


iiiniiadni the subject of metal-cutting has re- 
ceived considerable attention by a number of authors over the 
past 20 years. The problem can probably best be introduced by 
examining the analysis of Merchant [1].!_ The analysis is re- 
stricted to the case of the orthogonal tool. The process is de- 
picted in Fig. 1. A surface layer of material is removed by a 
wedge-shaped tool which is constrained to travel parallel to the 
surface at a chosen depth. Observation of the process shows that 
the deformation of the chip takes place abruptly as shear in a 
plane extending from the point of the tool to the surface of the 
metal and inclined at an angle ¢ to the horizontal. Essentially, 
all of the energy involved is expended in two processes—the 
shear of the metal on the shear plane, and the rubbing of the chip 
on the tool as it passes up the tool face. The variables involved, 
together with Merchant’s notation, are shown in Fig. 1. They 
are defined in the nomenclature. 

Merchant then derives an expression for the work done in 
terms of t, 7, a, @, and the shear strength of the metal. He 
reasons that @ will take a value such as to make this work a 
minimum and works out the condition for this minimum, under 
the assumption that the shear strength of the material being cut 
is a true constant. The result is 


26 +7Tr — a = 90 deg 
where 7 is given by 


F,+ F, tan a 


iar: ————— 

F, — F, tana 

1 Numbers in brackets designate References at end of paper. 

Contributed by the Metal Processing Activity of the Production 
Engineering Division, and presented at the Annual Meeting, At- 
lantic City, N. J., November 29—-December 4, 1959, of Tae AMERICAN 
Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 19, 
1959. Paper No. 59—A-165. 


Nomenclature 


Merchant then extends the analysis to the case of a material 
in which the shear strength is increased proportionally by the 
hydrostatic pressure on it. This results in 


6®@+r-a=8 (1) 


where @ is a measure of the effect of the hydrostatic pressure on 
the shear strength and depends on the material being machined. 
These derivations make the assumption that the strain-hardening 
and temperature increases in the metal have negligible or com- 
pensating effects. Other theories in the field are reviewed by 
Shaw [2]. 


Theory 


We propose to carry out an analysis for a material whose shear 
strength is increased monotonically with strain and to evaluate 
qualitatively the effects of temperature increases, and of flank 
wear, on the shear angle. 

Shaw [2] has shown that the coefficient of friction wu, and 
thereby 7, is very dependent on a and does not at all obey Amon- 
tons’ law; that is to say, the friction force is not independent 
of the area or proportional to the normal force. For this reason, 
it was felt best to eliminate u and r from the analysis altogether. 
Let us introduce instead 








Fig. 1 Side view of chip-cutting process 





a = rake angle of tool 


cutting force on tool 


normal force on tool face 


shear angle 

F/N coefficient of friction 

tan“! p 

F,/Ay = work per volume of metal 
removed 
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thrust force on tool 

F ./F , gross apparent coefficient of 
friction for the entire process 

tan~!w 

strain imparted to the chip 

friction force on tool face 


shear force on shear plane 

normal force on shear plane 

thickness of metal being removed 

width of cut 

wt = cross-sectional area of chip 
before removal 
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w = F./F y = tan“'w 


Since 
F,+ F, tana 


tanr «es Be 
F, - F,tana 


cot y + tana 


1 — cot y tana 


r=(9 -—-y) +a 
y¥=0-r+a 


Merchant’s equation for the minimum work condition 
26 +7 —a = 90° 
becomes 
2 = y, independent of a 


This change of variable does not, of course, change the analysis in 
any basic way. It is introduced merely to emphasize that the 
energy-dissipating process on the tool face is not an ordinary fric- 
tion process, and for general convenience in mathematical 
manipulation. 

Consider Fig. 2 which shows work being done in three processes: 


1 Shearing of the metal on the shear plane. 
2 Rubbing of the chip over the tool face. 
3 Rubbing of the tool flank over the cut surface. 


Fig. 2 Forces on tool lat 





energy 


Call the work per unit volume of metal removed by each of 
these three processes E,, E., and E;, respectively, and call the 
total external work per unit volume of metal removed, EZ. Then 

E=E,+£&,+ &E; (2) 
To compute £,, consider a work-hardening material with a 
Bridgman-type stress-strain curve [3]; i.e., 


o = A(1 + ae), 


where @ is the stress, € is the strain, and A and a are constants of 


the material. Now 
. a 
E, = f ode = Ael1 +2 
0 2 
€ = cot d + tan (¢ — a) 


and from Merchant [1], 

Define J, as the length of a unit volume of “uncut’’ chip, and /. 
as the length of a unit volume of chip after it is cut. 
F is the friction force on the tool face FE; = Fle. 

From Merchant: 


Now since 


he l, sin @ 
~~ C08 (d — a) 


Consider a force bF,, due to the rubbing of the flank, which is 


parallel to F, and opposing it, and consider the normal force on the 
flank to be bF, cot 6. Then 
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F = Fi — b) sina + (F, — bF, cot 6) cos a 
F = F,{(1 — 6) sin a + (cot y — 6b cot 8) cos a] 
Remembering that FJ; = 
hn Rt cian 6 + hea 
cos¢@ — @ 


While E; = bFd, = bE 


_ Putting the expressions for Z,, E2, and E into equation (2) and 


simplifying, one obtains 


+ a cos @ 
E 2 sin @ cos (@ — a) 


A sin @ [= (y- 9) _ . sin (0 — ¢) 


sin Y sin 0 











Ifb=a=0 


~ sin @ sin (y — >) 





E sin Y 
A 


and this has a minimum at @ = y/2 (Merchant’s result). If a is 
zero and b is not zero, the condition for the minimum is 


PPO, dis Hee b cot 6 

cot 2p sil oe: anid 

If b = 0, this reduces to 26 = y again; also if 6 = y, this reduces 
to 2¢ = y. If 6 < ¥, this makes @ > y/2; and if 6 > ¥, this 
makes @ < y/2. 

Since one would normally expect to find 0 < y, the effect would 
be to shift the minimum-energy point to a greater value of @. 
However, unless b is quite large and @ considerably different from 
7, the effect is small, e.g., if y = 90 deg, 0 = 45 deg, and b = 0.1, 
the minimum-energy point is at @ = 48.1 deg, an increase of 3.1 
deg. 

If b = Oanda ~ 0, the minimum energy point is shifted toward 
@ = 7/4 + a/2, and this constitutes an increase in @ unless 
there is zero friction on the tool face. The shift of the minimum- 
energy point to values of @ larger than 7/2 has interesting im- 
plications in the case where a 0 and b = 0. Describe a plane 
originating at the tool point and inclined upward at an angle y. 
When y = 49, this is the shear plane, Fig. 3. If one computes the 
average elastic stress on such a plane, there results for W less than 


do: 


_ Esin W sin (y — ) 


sin Y 


T 





(4) 
where 7’ is the average elastic stress on such a plane. 
Now 
aT _ Esin(y — 2) 
dy sin Y 


and this has a maximum at y = 7/2. 








Fig.3 Diagram showing angle 
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In other words, if @ were to assume the minimum-energy posi- 
tion, the metal would first have to pass through a plane of high 
shear stress (y¥ = y/2) without shearing, and then later shear at a 
lesser stress. Since this cannot happen for a material whose shear 
strength depends only on the strain, one is forced to conclude that 
¢ cannot take on the minimum-energy position for scch a ma- 
terial. Instead, it seems logical to postulate that the shear must 
take place in a region of increasing stress, since some sort of rein- 
forcing phenomenon is needed to compensate for the increased 
shear strength due to the strain-hardening. Furthermore, if the 
strain is to be high, the shear should take place in a region where 
the stress is increasing rapidly, while if the strain is to be low, the 
shear should be able to take place in a region where the stress is 
increasing rnore slowly. 

A plot of equation (4) is shown in Fig. 4. This equation, of 
course, holds only for ¥ < @. We suggest that, for a test where € 
is large, the val. e of the observed @ will be relatively far to the 
left of y/2 while, if € is small, the observed value of @ will be 
closer to y/2. To investigate this possibility, let us first normal- 
ize the curves of equation (4). Calling the peak value of average 
stress 7’,,, we can normalize by plotting 7/T7',, versus 2y/y. If 
we call 7/7, = z and 2y/y = z, equation (4) becomes 


sin 2(/2) sin (2 — 2)(y/2) 
; sin? (7/2) 


(5) 





This equation is plotted in Fig. 5. It is seen that z is only slightly 
a function of ¥. 
One could use any of several parameters to indicate the devia- 


¥ 
Fig. 4 Plot of Equation (4) 


Fig. 5 Plot of Equation (5) 
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tion of @ from y/2. Various possibilities are (1 — z), (1 — x), or 
dz/dz. We have chosen to use 1 — z, primarily because it is the 
easiest to calculate. Incidentally, as yy becomes small, dz/dzr = 
2(1 — x) and in fact dz/dz = 2(1 — x) even for y = 90 deg. 


Data 


We next require some data to test the theory. Here an im- 
portant limitation becomes apparent for the analysis is bused on 
a strain-hardening type of stress-strain cvrve. For most ma- 
terials, this implies that the test is done at a relatively constant 
temperature. Unfortunately, the strain rates involved in ordinary 
machining practice are very high, and this must lead to stress- 
strain curves which are more nearly adiabatic than isothermal. 
Zener and Holloman [4] point out that this has drastic effects 
on the shape of the stress-strain curve. 

Shaw, Cook, and Finnie [2] present some data taken at a very 
low speed (v = lipm). These data are tabulated in Table | and 
plotted in Fig. 6. If one calls y/2 = po, thenz = @/d@, and | — z 
= 1 — @/d. The plot is made of the strain € versus 1 — o/do. 
The correlation is seen to be quite good; however, the apparent 
positive intercept on the strain axis is somewhat puzzling. 
Another set of slow-speed data (aluminum being cut at 4.85 ipm) 
is presented by Merchant and Zlatin [6]. The data are given in 
Table 1 and plotted in Fig. 7. Again the correlation appears to 
be very good. Creveling, Jordan, and Thomsen [5] present a 
large number of data taken at speeds of 27.4 and 29.4fpm. These 
data are shown in Figs. 8, 9, and 10 for the three different steels 
investigated. Rake angles varied from 20 to 40 deg, depths of cut 


7 






































z 
Strain (€) 


Fig. 6 Data from Shaw; HSS tool cutting annealed SAE 1112 steel; 
rake angles from 0-45 deg; four lubricants; v = 1 ipm, tf = 0.003 in. 


a 


Strain(€) 


Fig. 7 Data from Merchant; HSS tool cutting aluminum; rake angle = 
15 deg; six lubricants; v = 4.85 ipm 
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Table 1 


Lu- a, t, 

bricant deg in. 
Benzene 45) 
Air 
Ethanol 
CCl 
Benzene 
Air 
Ethanol 
CCk 
Air 
Ethanol 


Au- Work- 


Line thor piece 


SAE 
1112 
Steel 





0.005 


Dichloromethane. 
Ethy] acetate. 
Hexy] acetate. 
Ethy! alcohol. 
Hexy] alcohol. 





























i 2 
Strain (€) 


Fig.8 Data from Creveling; HSS tool cutting SAE 1113 steel (as-received); 
rake angles from 20-40 deg; three lubricants; v = 27.3 — 29.4 fpm, 
# = 0.0040 — 0.0098 in. 
































3 
r 


Strain (e€) 


Fig.9 Data from Creveling; HSS tool cutting SAE 1113 steel (annealed); 
rake angles from 20-40 deg; three lubricants; v = 27.3 — 29.4 fpm, 
¢ = 0.0040 — 0.0098 in. 
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ipm 


4.85 


Data from references [2] and [6] 


Y 
deg 
82. 
85. 
90. 
96. 
74. 
79 


85 


CAIN WENO W EPH OAWAAIROS 
WWM RN WWI NWR EDOM 


2 pm 09 OD 00 O10 OO NIH DOH AOONOS 
bo bo Rt 
MOM OROERE UNS iD 


Shaw. 
Merchant. 


=m 


Strain (€) 


Fig. 10 Data from Creveling; HSS tool cutting SAE 4135 steel (as-re- 
ceived); rake angles from 20-40 deg; three lubricants; v = 27.3 — 29.4 
fpm, t = 0.0040 — 0.0098 in. 


ranged from 0.0040 to 0.0098 in., and three lubricants were used. 

The correlation with SAE 1113 steel, both in the annealed and 
the as-received condition, is excellent, even at this relatively high 
speed. There is considerably more scatter with the points from 
SAE 4135 steel, but the trend is the same. The negative values of 
1 — d/qy indicate points where @ > y/2. Except for the positive 
intercept on the strain axis, the data appear to fit the theory very 
well. There are two possible explanations for this positive inter- 
cept. The test may depart significantly from isothermal condi- 
tions, and this type of departure could result in stress-strain 
curves with negative slopes above the yield point [4]. If the 
shear plane is not actually a plane, this deviation could result in 
effective values of @ greater than ¢. This type of explanation 
could account for the positive intercept with the SAE 4135 steel, 
since this speed is relatively high. This type of explanation also 
seems attractive when one considers the case of machining ti- 
tanium. This material is notoriously subject to thermal effects 
because of its low-volume specific heat and low thermal conduc- 
tivity. It is often observed that @ is greater than y/2 when this 
material is machined. 

However, one feels that this type of reasoning does not give a 
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satisfactory explana..sn in the case of Shaw’s data, Fig. 6, since 
this machining was done at the very low speed of lipm. In this 
regard, let us consider again the effect of rubbing on the tool 
flank. The equations for 7’ and Z were based on the assumption 
of no flank rubbing, i.e., b = 0. If b is not zero, the maximum 
of these curves is shifted in the same way as the minimum-energy 
point previously discussed. As explained previously, this 
normally would result in shifting the maximum to the right, mean- 
ing that our computed value of » was too low. If a larger value 
of oo were used, the value of 1 — $/q» would be larger, and the 
difficulty would be resolved. We feel that this is the proper ex- 
planation for the intercept with the slow-speed data. 


Conclusion 


We have examined the case of orthogonal machining of a 
strain-hardening material. We conclude that the strain im- 
parted to the chip is a measure of the deviation from Merchant’s 
original equation, 26 + 7 — a = 90 deg, provided the tempera- 
ture increases are not so great as to alter the stress-strain curve 
drastically. We conclude further that an accurate evaluation of 
tT in the foregoing equation (or >» in terms of our variables) re- 
quires an assessment of the forces of rubbing on the tool flank. 
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DISCUSSION 
Fenton L. Bagley, Jr.” 


The authors have presented an interesting analysis of the 
metal cutting process. A few of the assumptions used, however, 
should be considered in greater length. 

The first of these is the assumption of strain hardening in the 
material being cut. As can be seen from the data of Kececioglu® 
shown in Fig. 11 this can, under the unique conditions of metal 
cutting, be strain softening. Also applicable here is Fig. 12 
which shows an increase in shear stress due to increasing strain 
rate. A statistical analysis‘ of this data reveals the equations 
stated on each curve. Also included are the correlation coefficient 
r, standard deviation ao, and the confidence level. The confidence 
level is the probability that the observed correlation could have 
been achieved by a sample from a population of random data. 
The confidence levels of neither Figs. 11 or 12 show the 
data trends to be highly significant, but neither can they be 
disregarded. This would imply that the effect of strain rate should 
also be included in the analysis. In a recent paper by S. Ko- 
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Fig. 12 Variation of shear stress with strain rate (from Kececioglu) 





bayashi and others® the opinion was forwarded that neither yy nor 
y = dy/dt had any effect upon shear stress. Unfortunately, no 
statistical tests were applied to these data. 

The assumption of isothermal shear must be carefully con- 
sidered as the majority of the metal cutting applications approach 
very closely to adiabatic shear. In view of the data presented 
in Fig. 13° the assumption of isothermal shear may not impose 
as stringent a limitation as might be expected, since at these 
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Fig. 13 Data from Bagley and Mennell; C-6 carbide cutting 235 Bhn, 
4340 steel; tool signature of 0, 0, 5, 5, 5, 0, 0.020; 0.200 depth, 0.005 
feed; dry; V = 50 to 700 sfpm 


high cutting speeds the correlation is very good. Regardless of 
this, the temperature effect on the shear zone is present and 
eventually must be included into the mathematical model. 

The positive intercept of some of the data plotted in the paper, 
and also Fig. 13, was thought by the authors to be due to the 
assumption of no flank rubbing (b = 0). To obtain further in- 
sight into the cause of this positive intercept the Lee and Shaffer 
plasticity solution was used to approximate the coefficient of fric- 
tion (u,,) along the clearance face. To obtain the values of ¢ 
necessary to plot the experimental data on Fig. 13 the data were 
first plotted on Fig. 14. From Fig. 14 the approximate values of 
\ and yu, for each data point were obtained. With this informa- 
tion and the experimental shear angle the author’s equation for the 
shear angle may be solved for b. 

cot y — b cot 6 


cot 2¢ = , i 
—b 


therefore: 


cot Y — cot 2¢ 
cot 6 — cot 2d 


b= 


Selecting a data point at random and substituting in the values 
from the plasticity solution where: 

A=¥7 
A, = tan“ np, = 6 


n 


A value of 3.57 was obtained for b. 
value as these were new, sharp tools. 


This is a completely absurd 

This discrepancy could be 
due to either the ideal plastic model or the minimum energy ap- 
proximation as they are both known to be in error. 

The value of b was then assumed to be zero and the data 
plotted in Fig. 13. The correlation is seen to be excellent and the 
trend shown to have very high significance. 

The practical application of Fig. 13 is very difficult as y is not 
a constant with respect to cutting speed. Also the introduction 


258 / auGust 1960 





(degrees) 
Ww 
oO 


nN 
oO 











10 20 30 
X% (degrees) 


THE FOLLOWING PARAMETERS WERE 
USED TO PLOT DATA (MERCHANT ) 


* a SS 
sie $- sin. ‘e 
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Fig. 14 Lee and Shaffer plasticity solution for a = 0 deg 


of the ideal plastic model is not consistent with the possibility of a 
shear stress that is a function of shear strain. This is not serious 
though, since it was necessary later in the analysis to remove the 
possible variations of the shear stress. 


Authors’ Closure 


We thank Mr. Bagley for his interesting discussion of our paper. 
Concerning first the attempt to calculate the quantity b from 
the equation: 


cot y — b cot 8 


cot 26 = ; , 
-—b 


We do not understand the discusser’s use of the plasticity con- 
dition to calculate y, since y is defined as the angle formed by 
the resultant of the exterior forces applied to the tool and should 
simply be calculated from the dynamometer readings. How- 
ever, we certainly agree that this equation should not be used to 
calculate b. The equation was in no way intended to predict @ 
in general, but merely points out the effect that flank dragging 
would have on the original Merchant minimum energy solution 
for a material whose shear strength was a true constant. 

We agree with the discusser concerning the possibility of ‘‘strain 
softening’’ occurring; in fact, we feel that the entire shape of the 
stress-strain curve at high strain rates is of paramount impor- 
tance. Reference [4], by Zener and Holloman, points to this 
conclusion. We believe that, for heat sensitive materials, or 
for high speeds, a complex stress-strain relationship could result 
in rounding of the chip workpiece intersection and consequent 
values of @ greater than po. 
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Influence Coefficients and 
Pressure Vessel Analysis 


A description is given of the utility of influence coefficients for analyzing pressure 
vessels. To illustrate their advantages two relatively complex problems were selected 
and their final stress distributions calculated. The problems were (i) « cylinder closed 
by a torispherical head and (11) a cylinder joined to a smaller cylinder by an ellipsoidal- 
toroidal shell. Two vessels were analyzed using influence coefficients which have re- 
cently become available. It is shown that accurate stress distributions can be obtained 
quickly and that a specialized knowledge of shell theory is not required. The method 
also shows the distribution of bending stresses throughout the shells. These latter, 
which can be important, are usually ignored by the various codes. 


G. D. GALLETLY 


Engineer, Shell Development Company, 
Emeryville Research Center, Emeryville, 
Calif. Assoc. Mem. ASME 


_— vessels today are usually designed in ac- 
cordance with the provisions of the ASME Code for Unfired 
Pressure Vessels [1],! and, in so far as pressure loadings are con- 
cerned, the code usually attempts to predict only the direct (i.e., 
membrane) stresses. Examples of such cases are the code’s 
formulas for evaluating the stresses due to internal pressure in 
cylindrical or spherical shells. The code, of course, recognizes the 
fact that bending stresses may exist in vessels designed in accord- 
ance with its rules. However, usually design rules for details 
have been written to hold such stresses at a safe level consistent 
with experience. 

The situation with regard to torispherical and ellipsoidal 
shells appears to be somewhat different from that just outlined. 
The formulas for these shells, which are based on tests of heads of 
various geometries, include both bending and direct stresses. 
However, the accuracy of these formulas, outside the ranges of 
the tests on which they were based, has not been confirmed. An 
example of this, for a torispherical head with a large diameter- 
thickness ratio, was discussed recently in the literature [2]. 

The reason for not computing the bending stresse; in shells is, 
of course, due to the complex calculations and length of time 
involved. However, if optimum use of material is desired, plus a 
realistic knowledge of the elastic stresses in the vessel, then the 
bending stresses must be calculated. A means is thus required 
to enable a designer to calculate them quickly and accurately. 

One such method is that of using tables of influence coefficients 
(by “influence coefficient’’ is meant the stress or deformation at a 
point in the shell due to unit values of the edge bending loads or 
unit values of the pressure). These coefficients have been ob- 
tained recently for a number of shells of practical interest, Table 1, 
and it is the purpose of this paper to show how they should be 
used. Before doing this, however, a brief description will be 
given of the method used to solve these problems. As an ex- 
ample, a cylindrical pressure vessel with a torispherical head will 
be considered. 


Cylinder-Torispherical Shell Junction 


The vessel under consideration is shown in Fig. 1. As shown 
in this figure, the component parts of the vessel consists of a 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Petroleum Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29—December 4, 
1959, of Toe American Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 4, 1959. Paper No. 59—A-163. 
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cylinder, a torus, and a spherical cap. Under the action of uni- 
form internal pressure the various parts will undergo different 
elastic displacements and rotations (actually for the case under 
discussion, only the torus will have rotations due to pressure). 
The position of the deformed shells will then be as indicated by 
the dashed lines in Fig. 2. In this state no edge bending moments 
or transverse shears are acting; the shells are in the “membrane 
condition’’ and only in-plane forces are present. (Since the torus 
has membrane rotations, it will also have membrane bending 
moments. ) 

It will be observed from Fig. 2 that points 1 and 2 on the 
original vessel, after cutting the vessel and applying the pressure, 
have been displaced from one another (1’ —> 1” and 2’ — 2”). 
However, in the actual vessel these points will remain together 
even after the pressure is applied, assuming there are no gaps in 




















Cylinder-torispherical shell junction 


Undeformed 


Deformed 


Fig. 2 Deformations due to pressure of the constituent shells 
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Table 1 Available tabulati 


of inf coefficients 





Type of Shell 


Range of Parameters 


Source and Remarks 





Open-Crown Hemisphere 


‘4 ae $2 


= 50°, 40°, 30°, 20°, 10° 
15 < r/h < 250 


Reference 3 





Positive-Curvature Toroid 





nt 











= 75°, 60°, 45°, 30°, 15° 
2 a/b = 4, 5, 6, 7, 8 
a 5 < b/h < 50 


Reference 4 
See Footnote 2 





Negative-Curvature Toroid 
a 


12. 











—2 


= 75°; 60°, 497-30" ;::15° 
a/b = 3, 4, 5, 6, 7 
5 < b/h < 50 


Reference 5 
See Footnote 2 





Open-Crown Ellipsoid 











= 50°, 40°, 30°, 20°, 10° 
a/b.= 2, 3 
15 < a/h < 250 


Reference 6 
See Footnote 2 











the vessel. The only way this can be brought about with the 
shells in their displaced positions of Fig. 2 is to apply axisymmetric 
edge moments and shears around the cut edges. This system, 
which is in static equilibrium, is shown in Fig. 3 and, provided the 
magnitudes and directions of the moments and shears are chosen 
correctly, they will bring the points 1’—~ 1” and 2’ — 2” together 
again. It is these edge (sometimes called discontinuity) moments 
and shears which produce the local bending stresses usually 
ignored by the ASME Code. 

The determination of these unknown edge moments and 
shears is extremely easy if the edge influence coefficients for 
deformation of the various shells are available. To illustrate 
how these unknowns are calculated, the following notation will be 
introduced: 


u anc u = rotation at point 1 due to a unit moment M, or 

9 1 0 tat t point 1 due t t t M 
unit horizontal shear H, applied at point 1, 
respectively 


Fig. 3 Axisymmetric edge moments and horizontal shears acting at 
junctions 
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wou and 46, = horizontal displacement at point 1 due to a unit 
moment M, or unit horizontal shear H, applied 
at point 1, respectively 
rotation at point 1 due to a unit moment or unit 
horizontal shear applied at point 2, respec- 
tively 
mow and j6.2. = horizontal displacement at point 1 due to a unit 
moment or unit horizontal shear applied at 
point 2, respectively 


me and 7612 = 


The foregoing notation refers to the toroidal transition piece, 
since it is the only shell element whose two edges will interact 
with each other (for the shells being considered the cylinder is 
assumed to be long). The deformations of the torus at point 2 
are defined in a similar manner to those at point 1. 

The edge rotations and edge horizontal displacements of the 
spherical cap due to edge moments and edge horizontal shears are 
defined by: 


uO, and 8, = rotation at point 2 on the spherical cap due to a 
unit moment or unit horizontal shear, respec- 
tively 

horizontal displacement at point 2 on the spherical 
cap due to a unit moment or unit horizontal 
shear, respectively 


mo, and 16, 


The edge rotations and horizontal displacements at point 1 on 
the cylinder are defined similarly. The subscript c, instead of s, 
is used for these quantities. 

The edge rotations and edge horizontal displacements due to 
pressure will be denoted by capital Greek letters (0 = rotation, 
A = displacement) with the subscript p to the left. As before, 
subscripts c and s refer to the cylinder and spherical cap. Sub- 
scripts 1¢ and 2¢ will be used to denote the torus at the edges 1 and 
2 

The total edge rotations and horizontal displacements of the 
various shells can then be written as: 

(a) Spherical cap 
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5, = 45,M2 + 45,2 + Ap 
6, = 49, M2 + 49H. + ,O.p 
(b) Torus 
dee M2 + 22 He + yd Mi + dn Hi + Avr | 
= 4422 Mz + O22 He + 92. Mi + Oe Hi + ,O2: p 
O12 Me + ybi2 He + yd Mi + yb Hi + Au 
= yOi2 Me + gOi2 He + yOu Mi + 29 Ai + O11 p 
(c) Cylinder 


(2) 


6, ” ud. M, - #9, My + pA. P 
6, - uO, Mi + #9. A, + 29. P 


In writing the foregoing equations it was assumed that the 
edge influence coefficients were obtained with unit values of p 
and M, ... Hz and having the directions shown in Fig. 3. De- 
pending on the sign convention used for 6 and 8, some of the co- 
efficients in these equations will have negative values. This will 
be seen later in the numerical examples. There are also certain 
reciprocal relations between the foregoing edge coefficients but 
they will not be discussed here. 

The next step in the solution is to write the compatibility equa- 
tions at the cut edges 1 and 2. These equations insure that all 
the parts of the structure fit together. Thus one has: 


5, = doe 
6, = ou 
6, = Oe 
6, = 


(3) 


(4) 


Substituting equations (1), (2), and (3) into equations (4), it 
can be seen that the result will be four linear simultaneous alge- 


braic equations in the unknowns M,...H2. Solving this system 
then gives the edge moments and shears M, ...H:. Once these 
have been obtained the stress distributions throughout the vari- 
ous shells can be obtained quickly if the influence coefficients for 
points away from the edge are known. 

This general description of the method of attack used in junc- 
ture problems is relatively easy to apply in practice. To illus- 
trate the procedure, two numerical examples will be worked out. 
The first example will be a torispherical-cylindrical shell junction 
similar to that just discussed. The second example will deal with 
a cylinder-ellipsoid-torus-cylinder junction problem, Fig. 5. 


Example 1—Cylinder Closed by a Torispherical Head 


The vessel under consideration is shown in Fig. 1. The geo- 
metric characteristics of the various shells are as follows: 


Torus 
a = 131.25 in.; b = 18.75 in.; a/b = 7; b/h = 30; oe = 30deg 
Cvlinder 
R = 150.0 in.; R/h, = 300; h, = 0.5 in. 
Spherical Cap 
r = 281.25 in.; r/h, = 450; h, = 0.625 in. 


where b, R, and r are measured to the middle surface of the shell. 
It will also be assumed that p = 60 psig. The sign convention 
used is as follows: 
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| Torus-Spherical 
Cap Junction 


Torus-Cylinder 
Junction 


| 
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+ + + qT T T Uy 
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@, degrees 























2:1 Ellipsoid 
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A- 


Fig. 5 Cylinder-ellipsoid-torus-cylinder junction 











M and H are positive when they have the directions shown in 
Fig. 3. 

6 is positive outward. 

@ is positive when the tangent rotates counterclockwise. 


The edge influence coefficients for the torus can be obtained 
directly from reference [4]. Table 2 gives the edge coefficients. 
There follows (with @ = 90 deg corresponding to subscript 1, and 
@ = 30 deg to subscript 2). 
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Table 2 Edge coefficients ior torus (example 1) 

—?¢ = 30 deg— 
Eb*0 Ebé 

6469 .8 2128.7 
1674.1 —5281.1 
20316 6824.1 
140255 20316 


—37872 —31953 


e = 90 deg— 
Eb*0 Eb6 
25072 —10136 

— 121235 25072 
4951.1 —1995.6 
—1568.9 —6065.6 


— 20253 


Edge loading 


— 7564.6 


The edge influence coefficients for the cylinder and spherical 


cap do not appear to have been tabulated. However, they can 
be calculated quite easily from the following expressions [7]: 


Cylinder 


1 


Due to Hy» = 1: 46, si ow 


I 
i 2DB* 19. 


Due to M 6 
ue to Mg = 1: y = onan 
2DB? 


c= 


R%™2 — v) 
Due to p = =a 


where 
= 3(1 — v*)/R%R2 
= Eh,3/12 (1 — v?) 
= Poisson's ratio 
Spherical cap 
Due to Hy = 1: 5 * (x. + x) 
2X? sin ds 
Eh ky 


2X2 sin de 


4h3 
--Ss 6. = os 
Eh: Ms 


Due to M3 = RB h k 
arn Ky 


+ om 
mX aa sin gd; 0 


Due to p . 3 
. 2Eh, p 


eee 6 
r 3(1 »(Z) 


2¢. = total angle subtended by spherical cap 


= 0 


where 


= 2 


2v 
Dr cot de 


+ 2p 
. cot de 
2A 


Substituting the numerical values into the foregoing formulas, 
one obtains the values in Table 3. 


From Tables 2 and 3 the edge displacements and rotations of 
the torus, cylinder, and spherical cap can be obtained. One 
obtains: 

Torus 


Ebb ao! — 10,136 (bH 9) + 25,072 My — 1995.6 (bH 50) 


2 pb? 
6065.6 Ms — 7564.6 | > 
(9) 
EbO go! 


25,072 (bH 0) — 121,235 My + 4951.1 (bHs0) 


pb? 
1568.9 Myo — 20,253 = 


where the superscript ¢ indicates the torus. Inserting the nu- 

merical values of b and p in the foregoing equations, one finds for 

the deformations at @ = 90 deg: 

Eb = 10,136 Ho + 1337.2 Moo — 1995.6 Hyo — 323.50 Mao 
— 4.2551 x 108 


E840! 1337.2 Hy — 344.85 Moo + 264.06 Ayo — 4.4626 Myo 


— 0.60759 x 10° (10) 


The relevant equations for @ = 30 deg are found in a similar 
manner. They are: 


E63.' = 2128.7 Ho — 281.66 Myo + 6824.1 Hyo + 1083.5 Mio 


17.974 x 108 


E830! 345.06 Hy + 4.7619 Moo + 1083.5 Hoo + 398.95 M ao 
— 1.1362 x 10° 
Cylinder 

From Table 3, inserting h, = 0.5 in. and p = 60 psig, the 
following relations are obtained: 


(11) 


Edq° = 13,356 Hoo + 1982.6 Mo + 2.295 X 108 


(12) 
E6u° = 1982.6 Ho + 588.56 Mw 


Spherical cap 
With h, = 0.625 in. and p = 60 psig, one finds from Table 3: 


Eb 38 = 6018.9 Hy + 1205.0 Ma + 1.3289 x 10° 


(13) 
E650° = 1205.0 Ho = 467.30 Ma 


At this stage it is advisable to see if the equations for the vari- 
ous deformations are consistent with the assumed directions of 
the unknown moments M and horizontal shears H and the sign 
convention used. As mentioned earlier, the sign convention used 
herein is that 6 is positive outward and @ is positive when the 
tangent rotates counterclockwise. The directions of the unknowu 
M and H are given in Fig. 3 (subscript 2 corresponds to @ = 30 
deg, subscript 1 to @ = 90 deg). It is easily checked that equa- 
tions (10) through (13) are consistent with the sign convention 
and Fig. 3. (Note: The displacements of the torus due to the 
internal pressure may look to be inconsistent but they are not. 
It is also difficult to decide the signs of the toroidal rotations due 
to internal pressure. With the H’s and M’s this indecision does 
not arise for the toroidal rotations or the displacements, except 


Table 3 Edge coefficients for cylinder and spherical cap (example 1) 


———Cylinder-——_. 


Edge 
loading 
Hy a 
Mw = 1 
p 1 


Edy 
13356 
991.29/h. 
76590h, 0 


E89 
991.29/h. 
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Hy ty 
147 .14/h.? 
p eS 35438h, 


Spherical cap 


Eds 
— 6018.9 
753.10/hs 


Edge 
loading E65 
753.10/hs 


My = 1... — 182.54/h,? 
0 
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Table 4 Edge and interior coefficients of Mg and bN¢ for torus (example 1) 


Edge 
loading 
bHy = 
90 
bH x 
Mw 
pb?/2 


——p = 30°—— 
Me bNe 
9.4607 
—23.471 
30.069 
90.293 
— 137.51 


ny = 45°. 
Me bNe 
—0.02280 4.6646 
0.06744 —23.671 
0.08221 16.395 
0.79908 18.677 
—0.06561 —108.00 


1.0 


possibly for the deformations at the edge away from where the 
load is applied.) 

Since the parts of the vessel must fit together with no gaps or 
discontinuities in slope, the following relations must hold: 


bw! = du! 
Byo° 
550" 
O50? 


80! 
Bo! 
Substituting equations (10) through (13) into equation (14), 


the following four equations in the unknowns Hy, M 9, Ho, and 
M w are obtained: 


23,492 Ho + 654.4 Moo + 1995.6 Hwy + 323.50 May 
= — 6.5501 x 10° 


645.4 Ho + 933.41 Moo — 264.06 Hs + 4.4626 Mio 
= — 0.60759 x 10° 


— 2128.7 Ho + 281.66 Moy — 12,843 Hy + 121.5 Mao 
= — 19.303 x 10° 


—345.06 Ho — 4.7619 Moo + 121.5 Hao — 866.25 Myo 
= — 1.1362 x 10° 


This system of four equations in four unknowns can be solved by 
various methods. Since a digital-computer program was availa- 
ble, this scheme was employed herein. The results were: 


H, = Hy = 
M, = 
H, = 
M, = 


— 440.46 
Mw = 96.461 
Hy = 1594.3 
My = 1710.2 


Final Stress Distribution. Having determined the edge moments 
and shears the next step in the stress analysis is to calculate the 
stress distributions in the various parts of the structure. If the 
necessary interior influence coefficients are available this is quite a 
simple matter.? 

As the largest stresses are usually the meridional bending 
stresses, oy’, and the circumferential direct stresses, o9?, only 
the stress distributions for these will be computed. The relation 
between the stresses and the stress resultants are: 


6 
o4° he Ms 
(17) 
No 
h 


2 These coefficients have been obtained by the author for the shells 
shown in Table 1. However, due to the large range of shell geome- 
tries investigated, the results are too voluminous to be published in a 
paper. The author has presented sets of the interior influence co- 
efficients for positive and negative-curvature toroidal shells to the 
libraries of the following societies: ASME, ASCE, and I. Mech. E. 
(England). Designers working on a specific toroidal shell will be 
able to obtain the necessary interior influence coefficients by visiting 
or contacting one of these libraries. 


Journal of Engineering for Industry 


oo? = 


Mo 
—0.08100 
0.31149 
0.07476 
0.41630 
—0.10271 





= 60° @ = 75° 
Ms 
—0.11813 
0.71793 
0.02753 
0.10904 
—0.05098 


—o = 90°—— 

Mo bNe 

— 42.233 
104.47 

—8.3150 

— 25.273 

— 29.119 


bNe 
—2.9951 
—18.475 
4.7611 
— 17.659 
—77.572 


bNs 
—17.807 

12.695 
—2.7655 
— 26.297 
—51.669 


1.0 


where 


M4 = meridional bending stress resultant 
Ne = circumferential direct stress resultant 
h = shell thickness 


The stresses will be found in the interior of the torus for @ = 30, 
45, 60, and 75 deg. In the interior of the spherical cap only ¢ = 
25 deg will be considered; for the cylinder only the stresses for 
x = 12 in. will be calculated (z = distance from the cylinder-torus 
junction). 

(a) Torus. First the interior influence coefficients must be 
obtained. For the torus under consideration one has’ the values 
in Table 4. 

The values of M4 or bN¢ at the various points are then obtained 
by using the foregoing influence coefficients in conjunction with 
the edge moments and shears given by equation (16). As an 
example, Ng at @ = 45 deg is given by: 


bNo = 46646 x — 440.46 b — 23.671 & 96.461 + 16.395 
X 1594.3 b + 18.677 & 1710.2 — 108.00 pb?/2 (18) 
Inserting p = 60 psig, b = 18.75 in., it will be found that 
(No)g:+45° = — 35,085 lb/in. The other stress resultants are 


found in a similar manner and one obtains the values given in 
Table 5. 


Table 5 Final Ne and Mg values in torus (example 1) 

¢, deg No(\b/in.) M ¢(\b-in/in.) 
90 — 12800 96.461 
75 1516.7 
60 2562.5 
45 3326.9 
30 1710.2 


(b) Spherical Cap. From Hetenyi’s analysis* the following 
relations are obtained: 


C he >*¥ 
2[sin (¢@ — w)]'” 





Ne = [2 cos (AW + ¥) 
— (k, + ke) sin (Av + ¥)] 


ue (19) 


ep: ON 
Me = © Tain (he = WI 


[ky cos (AW + ¥) 


+ sin (AY + ¥)] 


where A, oe, k; and kz are as defined by equation (8). The angle 
y is measured from the edge of the spherical cap and C and y are 
constants which depend on the loading. It can be shown that 
they have the values given in Table 6. 


Table 6 Constants C and 7 in spherical cap analysis 
Edge loading C ¥ 
iif, No 2A (sin @2)'/2 
rky 
— (sim gs) */2(1 + ky2)'/2 
ky 


0 





are tan (—k;) 
3 Reference [7], p. 473. 
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For @ = 25 deg, YW = 5 deg. Evaluating this one obtains, 
for @ = 25 deg the values in Table 7. 


Table 7 Interior coefficients (at ¢ = 25 deg) for Mg and N¢o in spherical 
cap (example 1) 

Edge loading Ne 
H =1 1.9484 
M =1 —0.5305 


Me 
—0.3585 
0.00301 


Due to the internal pressure My = 0 and Ng = pr/2 = 8487.5 
lb per in. Using Table 7 and the values of M; and H; given by 
equation (16) one finds: 

Ne = 8437.5 — 0.5305 & 1710.2 + 1.9484 X 1594.3 = 10,637 
Ib per in. 

0.00301 * 1710.2 — 0.3585 * 1594.3 = — 566.5 
]b-in /in. 


From reference [7], the following expressions for Vg and M, 
due to edge bending loads are obtained: 


Ne = — Ew/R = E/2B°DR (BMww (Bx) + H,@ (Bz)] 


My = — Dd*w/dz? = 1/28 [28M,¢(Bxr) + 2Mif (Bzr)] 


where § and D are defined by equation (6). The functions y, 6, 
@, and ¢ are tabulated in Table 45 of reference [7]. Evaluating 
the foregoing for x = 12 in. one finds: 


Ne = — 1727.9 lb per in. 
Mg = — 465.84 lb-in/in. 


Te the value of Ng must be added the contribution due to the 
internal pressure. This latter equals pR; i.e. = 9000 Ib per in. 
Thus, the final Ng equals 7272.1 lb per in. 

The final stress distribution (79? and o>) in the torus is shown 
in Fig. 4. The maximum stresses equal: 


oo? = — 61,000 psi at @ = 54 deg 


og? = + 51,000 psi at @ = 44 deg 


It is of some interest to compare the maximum direct stress 
given with that obtained by using the formula given in Para- 
graph UG-32(e) of the ASME Code [1]. 
assuming the joint efficiency equals 1, as 


R 
o=p (o.sss te 01) 


This can be written, 


(21) 


where 
R = radius of spherical cap, in. 
t = thickness of head, in. 


Inserting the relevant numerical values it will be found that ¢ = 
23,900 psi. This is very much less than the maximum stress 
obtained in the foregoing. This deficiency of the ASME Code 
for thin torispherical shells has been noted before [2]. 


Example 2—Cylinder-Ellipsoid-Torus-Cylinder Junction 


The vessel used for illustrative purposes is shown in Fig. 5. 
The geometric characteristics of the various shells are: 


Upper cylinder: R, = 120.94 in.; R,/h, = 192; h, = 0.625 in. 


Torus: a = 181.41 in.; 6 = 60.47 in.; a/b = 3; b/h, = 40; 
h, = 1.5in.; gd. = 30 deg 


4 Reference [7], p. 393. 
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2:1 Ellipsoid: @ = 200 in.; a@/h, = 200; h, = 1.0 in.; ¢ = 30 
deg 


Lower cylinder: R, = 200 in.; R,/h,' = 200; h,’ = 1.0 in. 


It will also be assumed that p = 85 psig 


Table 8 Edge coefficients for torus (example 2) 


—? = 90 deg—~ ——¢ = 30 deg—. 
Eb’ Ebs Eb’ Ebé 

— 10620 195.52 22.840 

121975 —43.008 —168.27 

210.21 —12101 —1796.8 

541.45 —174120 —12101 

—179.15 — 6746.4 —2626.8 


pb?/2 


The edge influence coefficients for the torus and the ellipsoid 
can be found in references [5] and [6], respectively. The edge 
coefficients for the torus are given in Table 8. 

In Table 8 6 is positive outward from the center line, and @ is 
positive when the tangent turns clockwise. The pressure p is 
assumed to act on the concave surface and bending moments are 
positive when producing compression in the convex fibers of the 
torus. The moments M; and M; acting on the torus in Fig. 6 are 
negative with this convention, which is the same as the one used 
in reference [5]. 





M3 ab 
H; =—4+\ M, 
- 3 


Fig. 6 Axisymmetric edge moments and horizontal shears acting at 
various junctions 


Table 9 Edge coefficients for 2:1 ellipsoid (example 2) 


Edge ¢ = 90 deg—~ ——¢ = 30 deg—— 
loading Ee Eé/h Ee Eb/h 


St mt —7285.1 1,890 0.4769 
M, 
* Hyg 
H: 
h 


M, 
af io eee 


ag Bh CeO 440.40 


— 120.40 664.73 0.3264 —1.156 


0.9282  —0.0797 483.75 3454.4 


—1.5137 
— 48097 


143.17 
1021.1 


483.75 
— 881.48 


The sign convention in Table 9 is similar to that for the toroidal 
shell, except that @ is positive when the tangent turns counter- 
clockwise. M2 and M; on the ellipsoid are positive when acting 
as shown in Fig. 6. 

From the foregoing tabulations it will be observed that the 
coefficients at the edge away from where the loading is applied 
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are very much smaller (2 per cent or less) than those at the loaded 
edge. (The cross coefficients for the 2:1 ellipsoid are actually 
omitted in reference [6].) In the following calculations these 
small cross-influence coefficients will be ignored to simplify the 
calculations. The error introduced by this simplification will 
not be of any significance. 

The edge influence coefficients for the two cylinders can be ob- 
tained from equations (5). The edge coefficients are given in 
Table 10. 


Table 10 Edge coefficients for cylinders (example 2) 


a 
cylinder 
Eby E6% 


Lower—— 
Edge cylinder 
loading Eby E68 
6919.9 1023.1 H; =1... 7271.2 660.90 
1023.1 302.53 M;=1... 660.90 120.14 
19892... =p =1... 34000... 


Edge 
loading 


H, =1.... 
M, =12.... 
p =1.... 


The displacements and rotations of points 1, 2, and 3 on the 
vessel, Fig. 6, can now be written down directly in terms of the 
unknown edge moments and shears. Thus one obtains, see Fig. 
6 for the directions of the forces and moments: 

Upper cylinder 


Eb. 
E6,, 


1023.1 M, — 6919.9 H, + 19,892 p 
— 302.53 M, + 1023.1 H, 


Eb;, 


M, pb 
10,620 ~ + 1845.8 H, + 565.60 9 


gies Ms A, ae 
— E60, — 121,975 b2 10,620 } + 179.15 9 


M 
Eb,, = 12,101 5* — 1796.8 H; + 2626.8 © 
i) “ 


M H 
—E6., = 174,120 x — 12,101 - + 6746.4 = 


Ellipsoid 


« 1 
Eb,, = 483.75 4 + 3454.4 H, — 881.48 ph 


M, H 
Ex, = 143.17 5) + 483.75 - + 1021.1 p 


(24) 


x iis MOO ha 
E5;, = 664.73 h — 7285.1 Hi, — 48,097 ph 


Table 11 

= 90°— = 75°- 

bNe Ms bNe 

23.073 —0.03806 0.39219 
— 132.75 0.23789 26.705 
—0.35630 —0.00191 0.49205 
—3.0529 —0.03837 0.86552 
—7.6700 0.00402  —8.3527 


Edge 
loading 
bi, 
M, 1.0 
bH2 


a, 


Me 


Table 12 


= 90°—— Led 


———o = 
Moe 
—0.00218 
—0.03541 
0.01227 
—0.00148 
0.01536 


M H 
E6,, = — 120.40 fe + 664.73 r + 440.40 p 


Lower cylinder 
Eé;. = 660.90 M; + 7271.2 H; + 34000 p 


(25) 
E46, = 120.14 M; oa 660.90 H; 


In the foregoing equations 5 was taken positive outward and @ 
was considered positive when the tangent rotated counterclock- 
wise. The two negative signs on the left side of the torus equa- 
tions resulted from the coefficients being tabulated for positive @ 
when the tangent rotated clockwise. The pressure p on the torus 
was taken to be acting on the convex surface, which changed the 
sign on the pressure terms. 

The compatibility equations for this system are as follows: 


Eb. 
E6,. 


Eb, 
= EO, 


Eb, = Eds, 
E62, - E62, 


E5;, = Eé;. 
E06: ™ E6;. 


(26) 


Substituting the numerical values and solving the resulting 
three pairs of simultaneous equations one finds: 


M, = 1.4152 p 
H, = 0.45524 p 
M, = — 49.762 p 
H, = 17.980 p 
M; = 1.74108 p 


H,; = — 5.63962 p 

The directions of these edge moments and shears may be deter- 
mined from Fig. 6. In terms of the directions given, in refer- 
ences [5] and [6], they are as shown in Fig. 7. 

Final Stress Distribution. Only the stresses in the ellipsoid and 
the torus will be calculated as the stresses in the two cylinders are 
calculated in the same manner as for the previous example. The 
relevant influence coefficients for the ellipsoid and torus are* 
given in Tables 11 and 12. 

Utilizing the influence coefficients given in the tables and the 
edge moments and shears given in Fig. 7, the stresses in the 
ellipsoid and torus can be found. As examples Ng at @ = 60 deg 
is obtained as follows: 

(a) Torus 


No = — 1.1409 X 0.45524 p + 8.0948 & —1.4152 p/b + 1.5166 
X 17.980 p + 21.518 X 49.762 p/b — 11.120 x (—pb)/2 
= 380.48 p (28) 


Edge and interior coefficients of Mg and bNe for torus (example 2) 


60° ~ @ = 45°- 
bNe Mo bNe 
—1.1409 0.00124 —0.13672 
8.0948 —0.01414 —0.69190 
1.5166 0.04760 —3.5594 
21.518 0.50433 21.010 
—11.120 0.01762 — 18.865 





—?o = 30°— 
Meo bNe 

0.22840 
— 1.6827 
— 18.228 
—121.01 
— 27.768 


1.0 


Edge and interior coefficients of (1/h?)Mg and (1/h)N@ for 2:1 ellipsoid (example 2) 





o= i 
M4/h? 
—3.0488 
0.38082 

—0.00898 
0.00065 

1.6031 


5° 

No/h 
—3.7877 
—0.56577 
0.05742 
0.01182 
— 181.62 


——¢ 
Mo/h? No/h 
— 36.426 
3.3236 
—0.000399 
—0.00757 
—210.48 


M;/h? 
H2/h 
M./h? 
p 


1.0 
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Q 
Mo/h? 
—0. 41829 
—0.02474 
—0.07086 
—0.01269 
1.4959 


¢= @=4 * 
Mo/h? No/h 
0.12705 

—0.01528 
0.20106 

—0.03005 

—0.01207 


No/h 
0.00317 
—0.00764 
22.589 
3.1996 
39.525 





F ae 
No/h M6/h? 
2.2710 
—0.33290 
— 0.05437 
0.02752 
— 137.80 


1.0 
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M, = -1.4152p 
“—~ Hy, = .45524p 


Pressure = -p 
(24 fh = 17.980p 
M, = 49.762p 


H, = 17.980p _, -y M, = -49.762p 


Ellipsoid 


— H; a -5.6396p 
~~ 
M, = 1.74lip 


Fig. 7 Edge moments and shears in the notation of references [6] and 
[7], example 2 


(b) Ellipsoid 


= 2.2710 X — 5.6396 p — 0.33290 X 1.7411 p/h — 0.05437 
X 17.980 p + 0.02752 X — 49.762 p/h — 137.80 p 
= — 153.54 p (29) 


The values for Ne and Mg are given in Table 13. 


Table 13 Final Ne and Mg-values (example 2) 


Torus 
No/p 
236.59 
261.65 
380.48 
523.63 
30 412.38 








Ellipsoid———— 
M¢/p 

1.7411 

19.266 

3.169 

4.355 

— 49.762 


Mo/p 
— 1.4152 
— 12.722 
— 14.826 
— 44.690 
— 49.762 


Ne/p 
1.107 
— 160.80 
— 153.54 
—74.281 
286.42 


These values are in the sign convention of references [5] and [6], 
which is: 
Torus 
Ne/p + = tension + 
M,/p + = tension on outside — 
fibers of vessel 


Ellipsoid 
= tension 
= tension on outside 
fibers of vessel 


To make the meridional bending stress (og = 6M 4/h?) at the 
torus-ellipsoid junction have the same sign for both the torus and 
the ellipsoid, the sign of 144/p for the torus was reversed. There- 
fore, in the bending-stress values given in Table 14, + indicates 
tension on the fibers on the inside of the vessel. For the circum- 
ferential direct stress (og? = N¢/h), + indicates tension. 


Table 14 Final stress values (example 2) 


p = 85 psig 
o¢’, psi 
320.8 
2883.7 
3360 .6 
— 10130 
— 11280 
— 25379 
2221 
1616.2 
9825.6 
887 .96 


o@*, psi 
13407 
14827 
21560 
29673 
23369 
24346 

— 6313.9 
— 13051 
— 13668 

94.1 


os euraney arene ef) 


Ellipsoid 


The foregoing stresses, for p = 85 psig, are plotted in Fig. 8. 
The maximum values are as follows: 
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Torus 
16000 
30000 


Ellipsoid 
25400 


Maximum bending stress, psi 
24300 


Maximum direct stress, psi 


The ASME Boiler Code does not give any formulas whereby 
the stresses in shells which are part ellipsoidal and part toroidal 
can be calculated. However, if the formula of Paragraph UG- 
32(d) is used for the ellipsoidal part it yields a stress of 17,000 psi 
(assuming the joint efficiency equals 1). This is only 70 per cent 
of the maximum direct stress calculated in the paper for the 
ellipsoid. 


Conclusion 


The two illustrative examples have shown the utility of influ- 
ence coefficients in analyzing pressure vessels of fairly complicated 
shapes. The results were obtained in a straightforward manner 
and very little knowledge of shell theory was required. Also, 
although the numerical examples have only considered internal 
pressure, the influence coefficients for the edge moments and shears 
are still valid if the vessels are subjected to axisymmetric tem- 
perature distributions. 

With regard to the availability of the influence coefficients for 
the different types of shell, tabulations have been made recently 
for the following (see Table 1): 


1 Positive and negative-curvature toroidal shells. 
2 Open-crown hemispheres. 
3 2:1 and 3:1 open-crown ellipsoidal shells. 


Edge influence coefficients are also available for cylinders, 
spherical caps, and cones. The interior coefficients for cylinders 
can quickly be obtained from a tabulation in Timoshenko [7]; 
those for cones can be obtained as indicated by Taylor [9]; 
reasonably good approximate values for spherical caps can be 
obtained as shown in the first numerical example of the paper. 


Ellipsoid an Torus 


Ce 





3p 45/60 75 90 
o, degrees 


toy? 





Fig. 8 Stresses in torus and ellipsoid, example 2 
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The available influence coefficients are primarily for constast- 
thickness shells. Also, for the shells where tabulations exist, 
these tables are only available over a certain range of the geo- 
metric parameters; e.g., for very thin shells (radius/thickness > 
200) they are not available. In these cases resort has to be made 
to the approximate analytical solutions unless a general program 
is available for a computer. As far as the author is aware, such a 
program does not exist as yet. Of course it would be very desira- 
ble to have such a machine program since it could be written in 
such a manner that variable thickness shells could be calculated. 
The effect of shear deformations also could be taken into account 
without much difficulty. 
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Note: Cylinders and spherical caps can be analyzed quickly 
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ellipsoids see reference [10]. This latter is, however, fairly 
tedious. 


DISCUSSION 
S. P. Barton’ 


The author has presented a useful paper describing the in- 
fluence coefficient approach for analyzing shell structures. The 
supporting tables of coefficients (published earlier) will certainly 
be welcomed by designers using the method. 

The method is well suited for shells with relatively few dis- 
continuities in load or geometry. However, from a designer’s 
point of view, this type of an approach becomes rather tedious 
when many discontinuities are present. Another problem arises 
when the influence coefficients are not tabulated. As the author 
noted, such tables are available for only a limited number of 
cases, 

A computer solution which simply requires input describing 
the geometry, loading, and material characteristics appears to be 


5 Engineer, Steam Division, Westinghouse Electric Corporation, 
Lester, Pa. Assoc. Mem. ASME. 
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a further simplification. It was with interest that the writer 
noted the author’s closing comment on the subject. A program 
of this type is used at the Westinghouse Steam Turbine Division 
and has proved to be a convenient method for analyzing composite 
structures encountered in our field. It is an elastic, axisym- 
metrical, thin shell analysis which simultaneously determines the 
membrane and bending action. It is applicable to shells of 
arbitrary meridional profile, including varying wall thickness. 
The loading may be caused by temperature gradients, rotation, 
bands of moments, or forces between the edges, pressures, or the 
usual edge loading. The program is rather general and may be 
used, for example, to analyze rotating disks, turbine casings, 
expansion joints, ete. 

The writer also analyzed the author’s first sample problem 
using this computer method. The following data were obtained 
throughout the shell: (1) meridional and circumferential bending 
stresses, (2) meridional and circumferential direct stresses, (3) 
shear stresses, (4) axial and normal components of deflection, and 
(5) angular displacement. The location and magnitude of the 
peak stresses were substantially the same as those shown in the 
paper. It may be of interest to note that the circumferential 
bending stress, and the direct meridional stresses were on the 
order of 14,000 psi and 10,000, respectively, in the same vicinity. 

It is planned to describe this method in a forthcoming 
ASME paper. 


Harry Kraus® 


The author has rendered pressure vessel designers a great 
service in this paper and his many other papers on pressure ves- 
sels of various shapes. The data furnished in his papers do in- 
deed allow persons who are not familiar with the details of shell 
theory to obtain accurate answers to pressure vessel stress prob- 
lems without expending a great deal of time in the process. 

In the nuclear power plant industry, for example, his method 
should see wide application. As a case in point, stresses in 
toroidal seal welds used in nuclear reactor pressure vessel closures 
can be calculated very nicely by using his influence coefficients. 
Also, a great deal of time and expense which had heretofore been 
contemplated for the development of design tables for torispheri- 
cal heads from a consideration of the basic equations of shell 
theory, can now be avoided. 

It should be added that by using the author’s influence coeffi- 
cients design tables for shells made up of a combination of shapes, 
can now be made up by utilizing a comparatively simple computer 
routine. With such a routine the computer would solve the 
compatibility equations’ for the discontinuity reactions at each 
joint of the structure, using the influence coefficients as input, 
and would then calculate the stress distribution due to these 
reactions. In this manner the high level computer programming 
talent required for a numerical solution of the basic differential 
equations of shell theory is no longer required, as it has been 
provided to industry through the author’s papers. The computer 
routines suggested by the writer can be written by any person 
with an elementary knowledge of computer programming. Thus, 
design tables can be quickly generated without the necessity of 
repeated hand solutions of the four simultaneous equations that 
obtain at each joint in the structure, and the best design for a 
particular application can be selected. 


Eric E. Ungar® 


The author is to be congratulated for his useful and lucid ex- 
position of the application of influence coefficients to the stress 


* Engineer, Westinghouse Electric Corporation, Bettis Atomic 
Power Laboratory, Pittsburgh, Pa. Assoc. Mem. ASME. 

7 Equations (4) of the subject paper. 

8 Senior Engineering Scientist, Bolt Beranek and Newman Ine., 
Cambridge, Mass. 
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and deformation analysis of pressure vessels. The summary 
presented in his present paper and his previous papers, in which 
he developed expressions and tables for the influence coefficients 
of some shell geometries, shouid prove very useful to designers. 
The method the author advocates would permit reduction of the 
now formidable task of stress analysis of pressure vessels with 
complicated geometries to the stage where it would require only 
the relatively routine filling in of form sheets. The latter task 
can be performed by personnel without advanced training, 
and for some purposes even the form sheet calculations can be 
programmed on a relatively low capacity digital computor. 

It might be pointed out that some influence coefficient form 
sheet techniques for shells of revolution have been used for several 
years by Prof. B. W. Shaffer of New York University and his 
research group. They have dealt mainly with stress analyses 
of rocket engine chambers, which are of course also a type of 
pressure vessel. 

In the paper under discussion the author implies, but fails to 
state, that the cylindrical shells he considers are sufficiently 
long so that edge loadings on one end produce no significant def- 
ormations at the other. For many practical vessels this may 
undoubtedly be a reasonable assumption, but it is useful to know 
for what conditions it holds, what sort of magnitudes are involved, 
and what to do if the cylindrical portions are relatively short. 
These questions are answered in a recent paper by Shaffer, Cochin, 
and Mantus.® 

The afore-mentioned paper deals also with several other points 
which may be of interest to pressure vessel designers and other 
likely users of Dr. Galletly’s work. Convenient extensive tabu- 
lations of influence coefficients for cylindrical shells of any 
length are presented. Coefficients which give the effects of loads 
applied at one edge on deformations at the other are included. 
The effect of relatively rigid rings is also discussed, and the cor- 
responding influence coefficients are presented. Finally, the 
paper applies the methods discussed to a configuration often en- 
countered in rocket engines; by assuming several values of one 
of the geometric parameters in this configuration, an optimum 
design is determined. 

The discusser should like to suggest two extensions of the 
author’s work, which may be of considerable practical interest. 
The first is the tabulation of influence coefficients for often-en- 
countered composite structures, such as the toroid-and-hemi- 
sphere of Fig. 1 and the torus-and-ellipsoid of Fig. 5 of the sub- 
ject paper. Of course, this would make sense only for a limited 
number of common geometries; for example, those where the 
wall thickness is constant. The second suggestion is to deal 
again with often encountered configurations, and, following the 
lead of Shaffer, et al., to perform a series of calculations for 
various values of one parameter (e.g., ratio of wall thicknesses), 
and to select an optimum substructure on this basis. 


Author’s Closure 


The author wishes to thank Messrs. Barton, Kraus, and Ungar 
for their generous comments on his paper. 

He was very interested to learn that a general computer pro- 
gram is in use at Westinghouse Electric Corporation. The de- 


sirability of having such a program has, of course, been recognized 


for some time. While it is not a difficult matter for an ex- 
perienced programmer to code the two second-order, coupled 
ordinary differential equations describing the behavior of sym- 
metrically loaded shells of revolution of variable wall thickness, 
information has been lacking regarding the best method to use 
in so far as accuracy and efficient use of the computer is concerned. 

*B. W. Shaffer, I. Cochin, M. Mantus, ‘Optimum Length of a 
Rocket-Wall Extension Beyond Its Circumferential Keyway,” 
Trans. New York Academy of Sciences, series II, vol. 21, no. 4, 
February, 1959, pp. 295-315. 
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A finite-difference formulation of the problem can be used or the 
two equations can be integrated directly using, say, the Runge- 
Kutta scheme. However, such an approach does not permit the 
saving in computer time which can be obtained for shells of con- 
stant thickness and constant meridional curvature. For these 
(spherical segments, tori, etc.), the governing equations reduce to 
a single, second-order complex equation and only two, rather than 
four, numerical integrations are necessary to obtain the homo- 
geneous solutions for a shell with a crown-opening. 

An additional point, on which very little work seems to have 
been done, is the utilization of the edge effect which occurs in 
many shells when they are loaded by axisymmetric edge loads. 
For instance, in analyzing a thin complete hemisphere, the edge 
effect may extend only 20 deg from the equator. Yet both meth- 
ods mentioned analyze the shell from 0 < @ < 90 deg, and 
ignore any time savings which would accrue through exploitation 
of the existence of the edge effect. The author looks forward to 
Mr. Barton’s forthcoming paper on the subject, where he hopes 
the foregoing points are discussed. 

It is to be noted that, even with an IBM 704, it is desirable to 
take some pains to obtain the most economical and accurate com- 
puter program. This is because such a program is a precursor to 
the analysis of shells of revolution subjected to unsymmetric 
loading. The partial differential equations for these latter can, 
fortunately, be reduced to ordinary differential equations for 
each Fourier component of the loading. Depending on the num- 
ber of components to be considered in the analysis, and the 
number of times such problems are encountered, an inefficient 
program can be quite uneconomic. 

The author agrees with Mr. Barton that the influence coefficient 
approach might become rather tedious if there are many discon- 
tinuities in the structure. However, with pressure vessels, this 
is not usually the case. He is also grateful to Mr. Barton for 
having checked the first example in the paper. The author’s 
program also gives the additional stress and deformation quanti- 
ties mentioned by Mr. Barton. 

The author is grateful to both Mr. Kraus and Dr. Ungar for 
their suggestions regarding possible further uses of influence co- 
efficients. With regard to Dr. Ungar’s comment on composite 
structures, the author would like to mention that the compos- 
ite ellipsoid-cylinder problem has recently been solved by Messrs. 
Kraus, Bilodeau, and Langer. This is to be the subject of a forth- 
coming ASME paper. It is also the author’s understanding that 
these gentlemen are working on other composite structures, such 
as torispherical shells, etc. When available, these papers will be 
of valuable assistance to the designer. 

Dr. Ungar’s suggestion regarding optimum design is also of 
interest. Presumably one must decide whether this should be 
done on a permissible stress basis or using limit design techniques. 
One must also be careful to avoid circumferential buckling under 
internal pressure, e.g., in very thin 3:1 ellipsoidal shells. 

Dr. Ungar is correct.in stating that the cylinders used in the 
examples are assumed to be long. This is practically always the 
case with pressure vessels. The assumption was mentioned ex- 
plicitly in the section “Cylinder-Torispherical Shell Junction,”’ 
but was not repeated when discussing the examples. 

The author was interested to learn of the work of Shaffer, et al- 
The concept of influence coefficients for structures is, indeed, not 
new. Miiller-Breslau used it many years ago for beams, trusses, 
etc., and other authors have extended it to plates. The author 
has never seen, however, any published information on influence 
coefficients for the shell types discussed in the paper, by Shaffer or 
anyone else.” The paper? mentioned by Dr. Ungar will be of 
only limited applicability in the pressure-vessel field. This is not 
altogether surprising, however, as the subject of the paper was 


10 Except as given in the author’s references [3 and 4]. 


Transactions of the ASME 





rocket casings. One point worth mentioning in connection with 
the foregoing work is that the differential equations for the axi- 
symmetrical deformations of a cylinder are the same as those 
for the bending of beams on an elastic foundation. Thus the 
questions raised in Dr. Ungar’s third paragraph can be answered 
immediately by consulting Hetényi’s book, “Beams on Elastic 
Foundation” (see Chapter III, Section 17, page 46, ‘“Classifica- 
tion of Beams According to Stiffness’’ ). 
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In conclusion, the author would like to mention that the in- 
fluence coefficient approach can obviously be extended to cases 
where more than two shells come together at a common junction, 
e.g., in some nuclear reactors. One has to be a little more careful 
in setting up the compatibility equations in these cases. How- 
ever, in general, they will not be any more involved than, for 
example, those occurring at the junction of a torispherical head 
with a cylindrical skirt (see author’s Reference {2]). 
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L. A. MEKLER? 


Tube Metal Temperatures for 
Structural Design 


A simple procedure is developed for calculating the circumferential temperature distri- 
butions in tubes exposed to nonuniform radiation. 


Convection to the fluid in the tubes 


and circumferential conduction in the tube walls are accounted for, in addition to radia- 


tion. 


Convenient dimensionless quantities are introduced and used for the presentation 


of graphs which facilitate rapid calculation of metal temperatures for structural design 


purposes. 
appended. 


Introduction 


HEN a tube bank arranged in a plane is subjected to 
uniform radiation from a parallel radiating plane, the flux intensity 
around the circumference of the tubes is not uniform. The flux 
distribution around a tube of a single row bank, with tubes spaced 
on two diameters, is shown in Fig. 1 for purposes of illustration 
[1].2 The tube shown is assumed to receive direct radiation from 
a radiating plane, and reradiation from a refractory plane be- 
hind the tube bank. Under these conditions the center point on 
the exposed half of the circumference (point 1 in Fig. 1) receives 
approximately 1.8 times the average circumferential flux, or about 
3.2 times the minimum flux. The positions of minimum flux occur 
at 60 deg from the center of the shielded half of the cireumference 
(points 5 and 9 in Fig. 1). 

The flux distributions shown in Fig. 1 correspond to plane tube 
banks. However, the distributions obtained with cylindrical 
tube banks having tube circle diameters which are large compared 
to the tubes are substantially the same as for tubes arranged in a 
plane. Therefore, the flux distribution around the tubes of most 
commercial tubular heaters may be considered as a function of 
tube spacing only. 


1 Deceased; formerly, Consultant, 
Company, Inc.,New York, N. Y. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Petroleum Division and presented at the An- 
nual Meeting, Atlantic City, N. J., November 29—December 4, 1959, 
of THe AMERICAN Socipry OF MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 4, 
1959. Paper No. 59—A-166. 
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Nomenclature 


A calculation procedure using these graphs and a sample calculation are 
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Fig. 1 Radiant heat flux distribution around tube circumference, for 
single row bank, tube spacing = 2D 


If the radiant heat received by the outer surface of a tube were 
transmitted to the fluid inside the tube in a purely radial direction 
through the tube metal and the inside film, the temperature dif- 
ferences between the fluid and the outer tube surface at the vari- 
ous points around the tube circumference would be proportional 
to the flux intensities impinging at these points. However, since 
the tube metal is a relatively good conductor of heat, there is also 
a flow of heat in the circumferential direction within the metal; 
heat then flows from points exposed to a higher radiation inten- 
sity to points exposed to a lesser intensity. Thus the temperature 
of each circumferential tube element (as shown in Fig. 2) depends 





= constants 
mean diameter of tube 
outside diameter of tube 
Fourier coefficients 
film coefficient between fluid in tube and wall 
thermal conductivity of metal 
number of elements in half tube cizecumference 
heat flow into nth element due to radiation 
= heat flow into nth from (n — 1)st element by conduc- 
tion 
heat flow into nth from (n + 1)st element by conduc- 
tion 
= heat flow into nth element by convection from fluid 
heat flowing in tube wall at angle 6 
R mean radius of tube 
S = center distance of banked tubes 
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temperature of nth element 
temperature of fluid in tube 
tube wall temperature at angle 0 
tube metal thickness 

x (T Rey T 1 )h/ Pave 


(2) G)- Ey Ge) G) “Gp 
K ) *) 8 x) K t m }* 
mean length of element in circumferential direction 
radiation intensity on nth element 
average radiation intensity for entire tube cireumfer- 


ence 
radiation intensity at angle 0 


(1) Ce) 


angular co-ordinate 
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on four possible paths for the flow of heat: Radiation from the 
outside, convection and conduction to the fluid inside the tube, 
and conduction to or from the two adjoining tube elements. Un- 
der steady-state operating conditions, the element assumes a 
temperature which permits it to be at thermal equilibrium with 
its entire surroundings. 

The center point of the exposed half of the tube circumference 
is found to be the hottest, even if the equalizing effect of the cir- 
cumferential heat flow is considered. However, this point repre- 
sents a highly localized condition. For purposes of structural de- 
sign it may be more logical to use, say, the average temperature 
of the central 60-deg arc of the exposed face (between points 12 
and 2 in Fig. 1). It is the purpose of this paper to indicate how 
the steady-state temperature of the metal in this arc (or in any 
portion of the tube circumference) may be calculated and to 
introduce a method for rapid practical calculation of this ‘‘de- 
sign’’ temperature. 


Mathematical Solution 


Consider a differential element (Fig. 2) of a tube which is ex- 
posed to a known flux distribution ¢(@). Curvature effects may 
be neglected if the tube wall thickness ¢ is small compared to the 
mean radius R of the tube, and the heat flowing into the element 
due to radiation is given by 


dy,() = (0) Rdd. (1) 


The heat flowing into the tube element from the fluid in the tube 
may be expressed as 


dq,(6) = h(T, — T)Rd6, (2) 


where 7’ is the temperature of the tube element (7 being a func- 
tion of 0), 7’, denotes the temperature of the liquid in the tube, 
and h is the film coefficient on the inside of the tube. 


Fig. 2 Nomenclature and tube element geometry 


According to Fourier’s Law [2] for steady-state conduction, the 
heat flowing through any radial plane of the tube in the direction 
of increasing @ is 
Lats 
Rd’ 
where ¢ is the tube wall thickness and K the thermal conductivity 
of the tube material. XK is henceforth assumed to be independ- 
ent of temperature. The foregoing equation gives the heat flow 
into the differential element at the angle 6. The heat flowing into 
the element at the angle (6 + d@), on the other hand, is 
aT aT ) 


—q(6 + d0) = Kt (3 + Rae? Rd@é 


q(9) = —Kt- (3) 


(4) 


In the steady state the net heat flow into the element must 
vanish, or 


dq, 9) + dq,(6) + (8) — g(@ + dé) = 0 (5) 
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Substitution of Equations (1) through (4) into Equation (5) 
leads to the differential equation 
Kt fe MT — T,) + $0) = 0 (6) 
Rd? ? 

Solution of this type of equation, i.e., determination of 7(6), 
may readily be accomplished for many functions $(@). However, 
because of the many quantities affecting the analysis, it is easier 
to solve the problem in dimensionless form. Division of Equa- 
tion (6) by avg, the average radiation intensity, permits rewriting 
of this equation as 

Kt d@ 


duck? age F ~ PX 


MT — Tr) , $8) _ 
Pave Pave 


where each term is dimensionless. By introduction of a dimen- 
sionless temperature parameter, defined by 


U = (T — T,)h/Pave; (8) 


Equation (7) may be rewritten as 


0, 


R 
Ss fee ee 10 
Ms ( ; ) ( K (10) 
is a dimensionless quantity involving the geometry-dependent 
ratio (R/t) and the ratio (AR/K) comparing the convective and 
conductive heat-transfer mechanisms.* 
The general solution of Equation (9) is of the form 


U(@) = C, sinh (uO) + C2 cosh (uO) + pi, (11) 


where C, and C; are constants of integration and p.i. is a particu- 
lar integral which may be evaluated from the known function 
— u*(O)dave, using any of the standard methods. The constants 
may be evaluated from any suitable boundary conditions. For 
the case most often encountered in practice where the radiation 
intensity distribution is symmetric about 0 =0, as in Fig. 1, 
symmetry demands that 


q(0) = g(r) = 0; (12) 
or, in view of Equations (3), (8), and (11), 
dU(0) 


70 = pC, cosh (0) + uC, sinh (0) 


“see 
a gel pee 0 


oe = uC, cosh (ur) + uC: sinh (um) 


= 0. 


@=f 





ages 
7) (p.i. 


Because the p.i. corresponding to a symmetric $(@) is symmetric 
{which may easily be proved from a Fourier series expansion of 


3 The six quantities which affect the analysis (7, K, t, h, 6, and R) 
may be expressed in terms of a total of four dimensional parameters 
(length, time, temperature, and energy; in, say, feet, hours, deg F, 
and Btu). According to the Buckingham Pi theorem, then, only two 
(6 — 4 = 2) independent dimensionless quantities may be found. 
The solution of the problem then involves finding the relation of a 
third dimensionless parameter to two others. In the problem as 
posed, we wish to find a distribution of U for given yu? and (4) /davg. 
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(6) as will be shown here, in view of the linearity of the differ- 
ential equation], the first derivatives of the particular integral 
must vanish at 9 = 0 and 6 = 7, so that one finds 

C, = 0,C. = 0 (14) 


whence, clearly, U(@) = p.i. (15) 


A general symmetric intensity distribution may be expressed in 
terms of a Fourier cosine series 


1 
o(0) = Fy + F; cos 6 + F2 cos 20 + F; cos 304+... 


(16a) 
1 @ 
: Fo + ) F,, cos(r@), 


z r=1 


where the F’s are Fourier coefficients, which may be evaluated 
from 


9 oa 
F, = = i} (0) cos r d8, r = 0,1,2... (16b) 
0 


Equation (15) then becomes 


1 }1 — F, cos(r8 
U0)= —— | =F, + F, cos(r0) 
Pave | 2 fat 1 r?/pt 


For example, if the radiation intensity distribution in Fig. 1 
may be approximated by 


(17) 


$(8) = dave (1.00 — 0.40 cos 8 — 0.10 cos 26) 


for an installation for which 


AD \ (7) 
— — } = 4p? = 40, or p? = 10, 
(Fe) ( 


K t 


the temperature distribution, according to Equation (17), is given 
by 


0.40 0.10 
1.00 — —— rs cos @ — — te cos 26 


it) b+. —— 


U(@) 


= 1.00 — 0.364 cos 8 — 0.0715 cos 20. 


The general analytical solution for temperatures in tubes sub- 
ject to symmetric radiation distributions, and the results as pre- 
sented by Equation (17), may be used to obtain the desired tem- 
perature distributions if the functions $(@) are available in ana- 
lytical form or in terms of Fourier series approximations. Occa- 
sionally, however, the radiation distributions around the tubes 
are obtained by numerical or graphical, rather than by mathemati- 
cal, means. Under such conditions the computation of Fourier 
coefficients would be either exceedingly tedious or inaccurate, so 
that a more suitable alternate procedure would be desirable. 


Finite- Difference Solution 


When the basic data are available in numerical form, numerical 
solution methods based on finite differences rather than on differ- 
entials are more suitable. The governing differential Equation (9) 
can be transformed directly into difference form [3]. However, 
the same results can be obtained by a more basic approach which 
permits a better insight into the interrelation of the various pa- 
rameters. 

If the tube is divided into 2m equal elements (that is, m ele- 
ments in each symmetric half), the mean circumferential length of 
each element is 
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\ = rD/2m. (18) 


With a mean radiation intensity @, on the nth element the heat 
flowing into this element due to radiation is 


qkn = $,A. 
The heat flowing into the nth element by conduction is 


ras = (Ty-1 Lisi ¥',) Kt/r 


(19) 


(20) 
from the adjoining (n — 1)st element, and 


a bes (Tn41 ais 7) Kt/ (21) 
from the (n + 1)st element. The symbols 7’,, 7',-»; and Tis» 
represent the respective mean temperatures of elements n,n — 1, 
and n + 1; K is the thermal conductivity of the tube material 
and ¢ the thickness of the tube. In Equations (20) and (21) the 
effect of curvature of the tube walls has been neglected; this is 
permissible for tubes with a ratio of D/t greater than 10. 

If the mean temperature of the inside surface of the nth tube 
element is assumed to be 7’, (that is, if the radial temperature 
variation in the tube wall is neglected as a first approximation), 
then the heat flowing into element n from the fluid in the tube is 

qL, = (T, rats Tha, (22) 


where 7’, is the temperature of the fluid and h is the film coeffi- | 
cient on the inside of the tube. 

The total heat flowing into elemeni n is obtained by adding all 
four effects. From Equations (19) through (22), 
Qtotn = WRn 2s C. + ie 2 Yin 

= (T,-, + T, — 27,-;)Kt/A + (T1, — T,)Ah + ,A. (23) 

Under steady-state conditions the total heat flowing into each 
element is zero. The steady-state temperatures in all elements of 
the tube may thus be determined from 2m simultaneous equa- 


tions, each of which is of the form of Equation (23), with qtot, set 
equal to zero. 

Again, dimensionless variables may be used to advantage. By 
multiplying Equation (23) by (A/Kt) (h/qavg) and letting 7’, = 
T,, — T,, one may write the foregoing equation as 


Qa (Baa + Pines — BE Wil dove — (N/K) (R/Gara)AAT', 
+ bq(0/Kt) (h/d. v.)« 


where avg is the average value of radiation intensity over the en- 
tire tube circumference and Q, is defined as 
Q,, saa (A/Kt) (h/Pave )qtotn- (25) 


By defining a dimensionless temperature parameter similarly 
to that of Equation (8) by 


u; ad (TF, apie T  )h/dave; (26) 
and by introducing another dimensionless parameter,‘ defined as 
B = (hX/K) (A/t) = (4/2m)? (hD/K) (D/t), 


one may rewrite Equation (24) as 


Q, ss Uigs rae st (2 + B)U,, + 5 ere + BO, /Pave- 


(27) 


(28) 


With a given radiation distribution, one may compute $,/ave 
for each element, and if the dimensions and heat-transfor prop- 
erties are known the value of 8 may also be determined. In the 
steady state, qrot, must be equal to zero at each point. There- 


4 Note: 8 is related to the dimensionless parameter yu? of Equation 
a? 
(10) as 8B = — p?. 
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Fig. 4 Effect of tube spacing, for (hD/K) (D/t) = 400 


fore, in view of Equation (25), all the Q,’s must be zero also. By 
applying the relations of Equation (28) to each of the 2m points 
on the tube circumference a total of 2m equations in terms of the 
2m unknown dimensionless U,,’s is obtained. 

The set of 2m simultaneous equations, which reduces to a set of 
m equations in m unknowns if the radiation distribution is sym- 
metric, may be solved by the usual methods for simultaneous 
linear algebraic equations. However, if for accuracy a 
large number of points on the tube circumference is used, the large 
number of equations may require a prohibitive amount of labor 
unless automatic computing equipment is available. Fortu- 
nately, the form of Equation (28) lends itself to solution by relaxa- 
tion methods. These consist of assuming a value of U,, for each 
tube element, computing Q, for each element, and then making 
the necessary adjustments in the assumed values of the U,’s un- 
til all the Q,,’s are made as close to zero as one desires. 
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The results of a series of calculations are shown in Figs. 3 and 
4. Fig. 3 shows how the average value of the dimensionless 
temperature parameter U over the hottest 60 deg of the tube var- 
ies with (hD/K) (D/t) = 4’, for a tube spacing of two diameters. 
Fig. 4 shows how the ratio of the average value of U over the 
front 60 deg to the average value of U over the entire circumfer- 
ence varies with tube spacing, for a fixed value of (hD/K) (D/t) of 
400. However, since the curve in Fig. 3 is nearly horizontal for 
(hD/K) (D/t) greater than about 150, Fig. 4 can be used with 
reasonable accuracy for the entire range of values of this parame- 
ter from 150 to 1000, which includes nearly all cases commonly 
encountered in practice. 

The curve in Fig. 3 behaves asymptotically for large values 
of u?*, or large ratios of (hD/K) and/or (D/t). A large value of 
(hD/K) indicates that the convection into the fluid is dominant, 


aucust 1960 / 213 





| 
-CARBON STEEL 0.23 % 
F } | . } 


T 


BTV 
HR FT® °F/FT 





CROLOY '/ 


+ 


paul 


ROLOY 18-8 


THERMAL CONDUCTIVITY, «( 


— —— + 


CROLOY 25-20 


200 300 400 500 600 700 800 9300 


CROLOY 1 


| + | even — 
RBON MOLYBDENUM 


| | 
CROLOY 1% | 
CROLOY ral | 
ROLOY 22 AND 
CROLOY 5 


CROLOY 9M 


1000 HOO 1200 1300 1400 1500 


MEAN TUBE METAL TEMPERATURE - °F 


Fig. 5 Thermal conductivities of some steels 


and that conduction along the tube is small in comparison. A 
large value of (D/t) indicates that the convective heat-transfer 
area is much larger than the area for heat transfer by conduction, 
so that again convection is the dominant mechanism. Thus, as 
(hD/K) (D/t) increases, the heat-transfer conditions in the tube 
approach the case of purely radial heat flow more nearly, and the 
temperature distribution along the circumference of the tube ap- 
proaches exact proportionality to the distribution of incident 
radiation. 


Procedure for Determining Tube Metal Temperatures 

Note: Consistent units must be used throughout. (See Fig. 
3.) Caution: This analysis applies only for thin tubes, with D/t 
> 10. 

1 Calculate film coefficient h for average conditions in tube 
from relation p. 211, 195& edition of Maxwell’s “Data Book on 
Hydrocarbons.” 

2 Read tube metal thermal conductivity K from Fig. 5 for 
estimated mean metal temperature. 

3 Calculate (hD/K) - (D/t). D is mean tube diameter, = 
(ID + OD)/2. If (hD/K) - (D/t) < 150, find U from Fig. 3. If 
(hD/K)-(D/t) > 150, take U = 1.73. 

U is a dimensionless temperature difference factor, defined in 
Fig. 3 

4 Fig. 3 applies for 2-diameter spacing. 


for other spacings from 
( W ) 
T opie 
1.73 


where W is ratio read from Fig. 4. 
5 Compute temperature difference between fluid and metal at 
mean tube diameter at hottest part of circumference from 
ae 
h 


avg is average circumferential rate determined from design 
conditions. 
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Obtain corrected U 


U leore = 


(T-T,)= 


corr 
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6 Determine temperature drop through half thickness of tube 
at hottest part of circumference from 


Pave t 
T = Vcorr me tae 
$ } a 


7 The average metal temperature at the outside surface of 
the hottest 60 deg of the tube is obtained as 


T,=(T — 71) +7; AT. 


This may be used as “effective’’ temperature for design pur- 
poses. 


Sample Calculation 
Assume: 

A Tubes 5 in. OD, 2'/, chrome, spaced at 9 in. centers in front 
of refractory wall removed by one tube diameter and exposed to 
radiation from the opposite face. Assume 0.25-in. M.W. thick- 
ness. 

B_ Fluid temperature and pressure (determined from process 
conditions): 900 deg F and 400 psi. 

C Average circumferential rate 9000 Btu/sq ft/hr deter- 
mined from design furnace operating conditions. 


D_ Film coefficient as calculated from heat-transfer equations 
= 160 Btu/hr deg F ft?. 


Then: 


1 h = 160 Btu/hr deg F ft? (given). 
2 K = 16 Btu/hr ft*® deg F/ft from Fig. 5. 


AD (2 - (ERE vs gf 
Kp¥e}" 16 0.25 ve 


75.1 < 150, read U = 1.69 from Fig. 3. 
4 Spacing S/D, = 9/5 = 1.8. Read W = 1.825 from Fig. 4. 


W 1.825 
Then ics =’ - — 1.69 ee 1.78 
L.73 1.73 
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Pave 9000 
h Ucorr Te (1.78) = 100 F 


Pave t (9000) 
— =(l. 

K 2 O18) 16 

7 T,=(T-—T,)+T7,+A4T = 100 + 900 + 10 = 1010 F 


Using ‘‘API Recommended Practice for Calculation of Heater- 
Tube Thickness in Petroleum Refiteries,’”’ 1958, assuming life to 
rupture of 100,000 hr, find with S = 13,000 from Chart F, 

(D/2) +P (2.5) * 400 
1.2-S 1.2 X 13,000 


6 AT = Usn (0.25/12) 





= 10.4F 





= 0.064 (See formula, p. 6) 


For practical reasons, retiring thickness minimum is '/s in.; 
therefore corrosion allowance with 0.25-in. wall is 0.125 in. 
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DISCUSSION 
D. J. Bergman? 


This paper provides means of calculating an average maximum 
tube wall temperature in radiant heater banks where the tube 
wall thickness is sufficient so that appreciable circumferential 
heat transfer reduces the heat flux through the film to the flowing 
fluid immediately back of the central portion of the fired face. 
It also furnishes a convenient tabular form for computation. 

However, some of the assumptions made to simplify the com- 
plex mathematics lead to a reduction of tube surface for a given 
duty without apparently increasing the average heat-transfer 
rate or metal temperature. 

The following statement is made on page 271 of the paper: ‘The 
center point of the exposed half of the tube circumference is 
found to be the hottest, even if the equalizing effect of the cireum- 
ferential heat flow is considered. However, this point represents 
a highly localized condition. For purposes of structural design 
it may be more logical to use, say, the average temperature of the 
central 60-deg arc of the exposed face.” 

In the case where this becomes important the tube is unfortu- 
nately unable to do this averaging and the central hot spot de- 
velops oxidation, or swelling, or both. It would appear safer to 
correct for the circumferential flow of heat but still use maximum 
wall temperature for structural design. 

Another assumption is, “(Curvature effects may be neglected 
if the tube wall thickness ¢ is small compared to the mean radius 
R of the tube, ...”’ “In Equations (20) and (21) the effect of 
curvature of the tube walls has been neglected; this is permissi- 
ble for tubes with a ratio of D/t greater than 10.” 

For the above limit the ratio of outside to inside periphery is 
5/4 for a 5-in. OD tube. The crowding of flux (without consider- 
ing circumferential flow of heat) is 25 per cent—and the film drop 


5 Chief Engineer, Engineering and Development Department, 
Universal Oil Products Company, Des Plaines, Ill. Mem. ASME, 
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on the inside of the tube is normally based on this rate. Correc- 
tion for circumferential flow would reduce the temperature drop 
through the film but not to the point used in the example given in 
the paper. 

A third assumption is the use of mean temperature for the ele- 
ments of the tube for calculation of heat flow cireumferentially 
from one element to another. When extended to radial flow of 
heat this assumption leads to the surprising conclusion that the 
temperature drop through the inside half of the tube thickness is 
at least constant if not zero for a fixed heat flux rate and a range 
of thickness up to D/t = 10 as long as the parameter (hD/K) 
(D/t) is greater than 150. 

This seems to be checked by the relation given in step 5 of the 
Procedure for Determining Tube Metal Temperature, where 
(T — T1,) = DaveUecorr/h. No allowance is made for flow through 
metal with a conductivity K. 

It appears that a curve similar to Fig. 3 should be used to 
correct the proportional inside flux rate (determined by maximum 
radiant rate at outside of tube multiplied by OD/ID). This 
corrected rate should then be used to obtain the film drop. 

The average between outside maximum radiant rate and cor- 
rected inside rate as above would be used to determine the tem- 
perature drop through the full tube wall. 

The corrections given by the changed Fig. 3 are relatively small 
for values above D/i = 10 or for the example of a '/,-in. tube wall 
of 2'/-chrome material 5-in. OD. For greater thickness and 
conductivity the correction may become appreciable. 

In the example a minor error is involved by calculating the 
temperature drop through the minimum thickness of minimum 
wall tubes. Usual practice is to use the average wall thickness 
which is roughly 10 per cent greater than the minimum wall. 

No mention is made of one of the greatest causes of high tube 
wall temperature; namely, the formation of coke or scale on the 
inner surface of the tube. This may have an appreciably lower 
conductivity than the tube itself. The temperature at the begin- 
ning of a run would have much less effect on tube life than 
temperature at the end of the run when scale is present. 

In many cases reduced tube surface and higher heat rates are 
satisfactory for a given heater duty. In that case it is better to 
face the facts of higher rates and higher tube wall temperature 
than to keep them under cover. 


F. Landis® 


The authors are to be commended for their simple and effective 
means of predicting tube wal] temperatures in tubes subjected to 
nonuniform radiation. For most practical design applications 
their analysis should lead to excellent results. There may, how- 
ever, be a few instances where the assumed conditions lead to 
errors in prediction. 

The authors specify a single known tube-to-fluid fiim coefficient. 
Most experimental data on which film coefficients are based were 
determined with uniform tube wall temperatures and little detail 
is known on the variation of the average film coefficient with non- 
uniform surface temperatures, although this may lead to signifi- 
cant changes. 

Furthermore, the radiation heat flux to a row of tubes backed 
by a refractory is normally computed with the aid of a radiation 
shape factor as presented by Hottel.? For these factors to be 
directly applicable, the external tube temperature must be 
uniform. 

Both of the above deviations would become important for thin 


* Associate Professor of Mechanical Engineering, New York Uni- 
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7 See, for instance, W. H. McAdams, ‘Heat Transmission,’’ Mc- 
Graw-Hill Book Company, Inc., New York, N. Y., third edition, 
1954, Figs. 4-12, p. 69. 
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and very closely spaced tubes, and caution should be employed 
when using the authors’ conclusions for such a case. However, 
even under these conditions, the method proposed by the authors 
appears to be the best available technique. 


Authors’ Closure 


The discussers’ cogent comments are greatly appreciated. Itis 
hoped that the following paragraphs will shed further light on 
the applicability of the results by answering the various ques- 
tions that were raised. 

As both discussers pointed out, the results presented apply 
only for those physical situations in which the assumptions un- 
derlying the analysis are satisfied. Mr. Bergman’s comment 
concerning coke or scale deposits on tube surfaces is a particu- 
larly important case in point. If the nature of a given installa- 
tion is amenable to the formation of such deposits, they must 
certainly be considered. Similarly, Professor Landis’ note of 
caution concerning the possible circumferential variation of 
‘film coefficient is very significant, especially for configurations 
where’ large circumferential tube wall temperature gradients 
occur and where the film coefficient is strongly influenced by 
surface temperature. 

Although, as Professor Landis mentions, the development of 
Hottel’s charts (and the method of Reference [1]) assumes uni- 
form tube surface temperature, use,of these charts and methods is 
justified for most practical cases. The difference of the fourth 
powers of the radiator and receiver absolute temperatures, which 
enters all radiation calculations, is generally dominated by the 
radiator temperature term and is relatively insensitive to varia- 
tiuns in receiver temperature like those generally encountered 
in practice around tube circumferences. If one computes shape 
factors for circumferential area increments, multiplies each by 
its appropriate fourth power temperature difference, and then 
combines the results to obtain the total radiation on the entire 
circumference, one obtains very nearly the same effect as if one 
would have initially assumed uniform surface temperatures and 
simply added the incremental shape factors to obtain the over-all 
shape factor. 
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One certainly cannot disagree with Mr. Bergman’s remark that 
designing on the basis of hottest point temperatures is somewhat 
safer than using the hottest 60 deg or average temperatures. 
However, the second alternative may also represent a reasonable 
design philosophy, particularly since the differences in the two 
cases tend to be relatively small. A curve corresponding to the 
hottest point temperature would lie only about 0.05 unit above 
the one shown in Fig. 3 pertaining to the hottest 60 deg average 
temperature and would approach the value of 1.8 asymptoti- 
cally. The curve corresponding to the hottest point would also 
lie about 0.05 unit above the curve shown in Fig. 4. 

It must be pointed out that the use of mean wall temperatures 
does not imply zero radial gradient and that the thin tube as- 
sumption is not very stringent. This assumption permits the 
radial temperature distribution in the tube wall to be approxi- 
mated by a linear one whose mean value occurs at the mean 
radius. It further permits the circumferential heat flow to be 
determined in terms of only the mean temperatures, since for thin 
tubes the circumferential heat flow path lengths do not vary much 
across the tube thickness. Thus, Equations (20) and (21) do not 
require the radial gradients to be zero; in fact, Step 6 of the de- 
sign procedure shows how one may compute the temperature drop 
through half the tube thickness in order to obtain the tempera- 
tures of the tube surfaces. 

On the other hand, Equation (22) does neglect radial tempera- 
ture variations. Although their effect can be included without a 
great deal of additional effort, it was thought desirable to avoid 
this added complication in this study, particularly since the 
thermal resistance of a half thickness of tube wall is in general 
much smaller than that of the film. Of course, the film co- 
efficient should ideally be computed on the basis of the best 
possible information, including flux crowding if this is signifi- 
cant, as Mr. Bergman points out. 

In closing, it may be worth while to reiterate that the finite 
difference approach used is a very powerful one. Without a 
great deal of added complication it can be made to account also 
for the effect of deposits, for variable film coefficients, and even 
for lengthwise heat flow in the tube walls. It is hoped that this 
method will be useful for the development of further, more 
accurate, and more detailed design charts. 
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Supersonic-Wind-Tunnel 
Air-Drying-System Design 


Air-drying system design for supersonic wind tunnels entails many complexities. 
These complexities are discussed in this paper with the express intention of establishing 


criteria for air-drying-system design. 


Various types of systems are examined and a 


method of drying-system selection is presented. 


ie travel can never become a reality until exist- 
ing high-speed and temperature problems are overcome. Be- 
cause of the ever persistent research and test procedures con- 
stantly and vigorously being conducted, these problems will, 
without a doubt, soon become solutions of the past. 

One of the most essential methods of testing known today is 
the highly regarded wind tunnel. Shortly after the origin of the 
wind tunnel, when full-scale prototypes were tested, its usefulness 
concerning future design information was quickly realized. The 
speed requirements of the tunnel increased amazingly fast. This 
acceleration was brought about by the advent of World War II 
and the Korean War, when superiority depended largely upon 
faster airplanes traveling at higher altitudes. As a result, the 
present period is commonly called the “Jet Age.’’ 

As progress continues to advance in the fields of jets and 
rockets, the hypersonic wind tunnel (M > 4.5) becomes more and 
more important. However, testing at speeds of Mach 1 to 4.5 
(supersonic conditions) is still the prime investigation area and 
will be for many years to come. The need for greater participation 
in the field of research is presently being met by more and more 
industries throughout the country, thus requiring new and addi- 
tional test facilities. Therefore supersonic wind tunnels will have 
to be designed to meet these new facility requirements. 

The design of a supersonic wind tunnel entails many difficult 
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Nomenclature 


problems. Air-drying-system design for the supersonic wind 
tunnel is one of the more critical barriers that must be overcome. 

Test measurements taken in a wind tunnel will be usable only 
if the desired simulated flight conditions are obtained. It is 
therefore necessary to maintain uniformity of flow. 


Air-Drying Requirements 


Some common nomenclature may be introduced at this time 
which will be used in the discussion of wind-tunnel operation and 
performance. 

Stagnation condition refers to the physical properties of air 
(pressure, temperature, and so on) when at rest. For example, 
the pressure of a certain quantity of air, measured after its 
velocity has been decreased from 1 fps to 0 fps, is called the 
stagnation pressure for that particular quantity (mass) of air. This 
stagnation pressure is sometimes referred to as the total pressure 
and is a result of two conditions. One condition, referred to as 
the static condition, pertains to the pressure of the quantity of 
air when in motion (called the static pressure). The second condi- 
tion, referred to as the dynamic condition, pertains to the amount 
of pressure additive to the static pressure, as a result of the 
quantity of air speed (called the dynamic pressure). The sum- 
mation of the static pressure and the dynamic pressure equals the 
stagnation pressure (total pressure) of the quantity of air. 

If the air flow of the tunnel is a combination of water vapor and 
air, the static pressure is the sum of the water vapor pressure and 
the air pressure. The two pressures are referred to as the partial 
pressures of the mixture. 

To maintain flow quality requirements, a working knowledge of 
the air-water vapor mixture flow is needed. Air-water mixture 





outside-surface area, sq ft 

mass velocity of air, lb/hr 
sq ft face area 

absolute humidity of moist 
air, grams water vapor/ 
gram dry air 

absolute humidity after com- 
pression and cooling 

inlet absolute humidity 

outlet absolute humidity 


outside surface coefficient, 
Btu/hr sq ft deg F 
refrigerant, (inside) surface 


coefficient, Btu/hr sq ft 
deg F 
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P, 
pP* 


P,*(T) 
Q, 
Q, 


absolute humidity corre- 
sponding to atmospheric 
saturation 

Mach number at which con- 
densation shock is expected 
to occur 

number of.rows of coil depth 

air pressure 

atmospheric pressure 

vapor pressure (partial pres- 
sure of water vapor) 

saturation vapor pressure at 
temperature 7 

sensible heat transfer, Btu/hr 
sq ft of face area 

total heat transfer, Btu/hr 
sq ft of face area 


ratio of air-side to refrigerant- 
side surface 

entering dry-bulb tempera- 
ture, deg F 

exit dry-bulb temperature, 
deg F 


outside-surface temperature, 
deg F 

refrigerant temperature, deg 
F 

temperature of air-water, deg 
F, vapor mixture at which 
shock occurs 

initial air-water vapor tem- 
perature, deg F 
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may become saturated upon expansion through a nozzle. Ac- 
cording to the adiabatic law, the partial pressure of a vapor de- 
creases with a decreasing temperature. Therefore the amount of 
expansion at which saturation will be reached can be associated 
with each value of initial humidity. Expansion beyond this point 
will result in either condensation or supersaturation of the air- 
water vapor mixture. Flow in a supersonic wind tunnel results in 
rapid expansions and short transit times, therefore, large 
amounts of supersaturation may be expected to occur without 
condensation. However, beyond a certain degree of supersatura- 
tion, which depends on the initial condition of the air, a strong 
condensation, often called a condensation shock, will occur. 

In supersonic nozzles this type of condensation is usually 
rather sharply defined. The heat released by the condensation 
produces an increase of static pressure and a decrease in the 
Mach number. 

The condensation shock has a detrimental effect on the uni- 
formity of flow in a supersonic wind tunnel. Therefore it is 
necessary to prevent such a condensation shock or reduce its 
effect to such a point that measurements taken in the tunnel are 
unimpaired. 

The criteria for condensation free flow are given in Fig. 1, and 
were obtained from experimental data of Head [8].1. The graph 
allows prediction of the stagnation dewpoint of the tunnel air re- 
quired to delay the onset of condensation up to a Mach number 
M.. If condensation free flow is desired, M, must be larger than 
the test section Mach number. 

The use of the graph is very simple. Draw a horizontal line 
through the stagnation temperature 7’) which is shown on the 
scale at the left in Fig. 1. Let A be the point of intersection of 
this horizontal line with the curve of the lower set which cor- 
responds to the Mach number at which condensation occurs. 
Now draw a vertical line through point A. Let point B be the 


1 Numbers in brackets designate References at end of paper. 
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Fig. 1 Criterion for condensation free flow 
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intersection of the vertical line with the curve of the upper set 
which corresponds to the temperature gradient of the nozzle 
under consideration. 

The dewpoint scale in Fig. 1 must either be cut out or repro- 
duced on a transparent paper. If the scale is then placed along 
A-B, with point P of the scale coincident with A, the dewpoint 
can be read at point B. Also, the temperature at which the 
condensation shock occurs, 7’,, can be read at the intersection of 
A-B with the 7',-scale. The dewpoints on the scale are the satura- 
tion points for water above 0 C, for ice below 0 C. 

The criteria just discussed will determine the requirements im- 
posed on a particular drying system designed to prevent con- 
densation shock. 

Experimentation shows that a small uniform deviation from un- 
disturbed flow in the test section can be obtained by keeping the 
absolute humidity of the tunnel air to the order of 4 grains of water 
per pound of dry air [15]. 

The upper set of curves in Fig. 1 is to be chosen according to 
the temperature gradient (d7'/dx)-deg C/cm, in the nozzle con- 
sidered. 

If the’shock is allowed to occur upstream of the test section, 
Fig. 1 may be used to determine the shock location. 

The temperature gradient, in the test section where the 
occurrence of condensation shock must be prevented, is zero. As 
a result, the choice of d7'/dx equal to 1 deg C/cm should be used 
irrespective of the nozzle temperature gradient. 

Because of further expansions around test-section models, the 
choice of M, is difficult. The temperature gradients, in these 
expansion, also must be taken into account when the choice of 
M, is made. No generalization can be stated concerning this, 
because of the number of parameters involved and lack of ex- 
perimental information. 


Design Procedure 


The design of an air-drying system offers many courses of ac- 
tion. There are several systems, physical and chemical, that may 
be used for drying air. They are generally classified as either 
condensation or adsorption. 

Condensation is a thermodynamical process in which the air- 
water vapor mixture is brought to a state of supersaturation, so 
that the moisture will condense and be separated out. The fol- 
lowing systems, (a) cooling, (b) compressing, or a combination 
of the two can produce condensation of the water vapor. 

(a) Drying by Cooling. This system is based on air-water 
vapor mixture passing over cooling coils (usually the finned type). 
The result is condensation on the walls and coil surfaces of the 
drier. 

Condensation also may occur as water droplets or ice crystals 
in the form of a mist. This takes place when the saturation pres- 
sure (corresponding to the outlet temperature) is higher than the 
vapor pressure (corresponding to the final humidity that can be 
achieved in the absence of mist). 

Experiments conducted [1] show that much lower humidities 
at the drier outlet are obtained at higher cooler temperatures for 
a given range of inlet humidities. This is because operation with- 
out mist is possible for much higher inlet humidities at the higher 
cooler temperature. 

Driers operating with mist present may require glass or felt 
filters at the drier outlet. Periodic reactivation of the filters is 
necessary to maintain the desired performance of the drier. 

This system is relatively difficult to design since the manner in 
which condensation occurs is not easily predicted. The process 
depends upon the number of condensation nuclei present and the 
contact time. 

Many methods have been devised to predict the performance of 
a dehumidifying coil but the one developed by G. L. Tuve [2] is 
generally acceptable for design criteria. 
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Tuve uses the over-all heat-transfer coefficient to determine 
the surface coefficients. The outside surface coefficient, in this 
method, is a coefficient of sensible heat only. The relationship 
is expressed by the following equation: 


(‘ — t, 
0 

Be head, 
The relationship is derived by setting sensible heat transfer 


per square foot of face area, C,G(t, — t2) equal to hoAt,,AN, where 
the mean temperature difference is 


(1) 


4—-t 
=O) 
O£, s omah 

The average temperature of the external surface of the cooler 
cannot be found by direct measurements, and therefore is com- 
monly a calculated value determined from test data [2], or a 
fictitious value found graphically [3]. The graphical method re- 
quires the use of a nonlogarithmic psychrometric chart. Graphi- 
cally, the average temperature is the point of intersection of the 
saturation curve with a straight line starting from the point 
representing the condition of the air that enters the coil and ex- 
tending at an angle corresponding to the ratio of sensible to total 
heat load. 


The refrigerant temperature may be found by solving the 
following equation for (t,): 


At,, = , deg F (2) 
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QT = (3) 
RQT F 
oo fe — TAN (34) 

(b) Drying by Compression. Drying air by compression is 
usually used in conjunction with cooling. If compressed air is 
needed for tunnel operation, compression followed by cooling 
down to initial temperature is a natural way of drying. This 
situation exists for blow-down-type, intermittent wind tunnels, 
or for continuously operated, closed wind tunnels with high stagna- 
tion temperatures. Predrying by compression is realized when 
high-pressure reservoirs are used to obtain flexible operation of a 
closed wind tunnel that requires a dry air supply. Generally, an 
additional drier is needed tc. satisfy the requirements. Since ad- 

. sorption driers give a higher adsorbent capacity with high operat- 
ing pressures, a desirable combination of compression and after 
cooling followed by adsorption drying may be realized. 

The power required to operate and regenerate this type of dry- 
ing system is much higher than any of the other types of drying 
plants. An economic argument against the use of such a system 
may exist if (@) compressed air is not used for tunnel driving or, 
(6) the installed power is high and the compressors operated in- 
termittently. The following conditions will hold true for drying 
by compression: 

After initial compression, the partial vapor pressure of the 
moisture is raised for a given value, hk, of the absolute humidity to 


P* = 1.6ph (4) 


If the temperature is lowered downstream to its initial value 
To, the air may become saturated and condensation may take 
place. Therefore the vapor pressure decreases to the value 
P,*(T>). As a result of this, the absolute humidity is conse- 
quently lowered to the value 


h’ = (0.625)P,*(T))P (5) 


Equation (5) can be expressed in terms of the absolute humidity 
(hs) corresponding to atmospheric saturation. 
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h’ = (h,..(P./P) (6) 


Adsorption is a process which involves the chemical or physical 
action of water vapor on the surface of some substance. The 
chemical adsorption of the water vapor by some agent 
such as sulfuric acid or phosphorous pentoxide is not gen- 
erally used for drying in supersonic wind tunnels owing to both 
the low capacity of the chemical adsorbers and the difficulty in- 
volved in regenerating them. The following is a discussion of 
systems based on the physical action of this process. 

(a) Drying by Adsorption. The use of adsorption for dehu- 
midification in wind tunnels is a dynamic adsorption process. It 
involves the flow of humid air through a solid granular adsorbent. 
The porous surfaces of the solid granular adsorbents derive their 
adsorbing potential from an intermolecular attraction of the 
water-vapor molecules. A schematic diagram illustrating a typical 
working arrangement of a two-adsorber silica-gel unit, is shown in 
Fig. 2. 
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Fig. 2 Schematic diagram of typical two-adsorber silica-gel unit, 
reference [7] 


Silica gel and activated alumina are the granular adsorbents 
generally used for wind-tunnel drying. The ratio of mass of 
water vapor adsorbed to mass of adsorbent is called concentra- 
tion or percentage adsorption. The adsorbent can be described 
by one of its three dependent parameters; (a) its concentration 
at a given temperature and partial pressure, (b) its temperature, 
and (c) the absolute humidity or the partial pressure. Silica gel 
is more commonly used because it has a higher adsorbing capacity 
for most conditions of temperature and pressure. 

Fig. 3 shows a graph illustrating the amount of water concen- 
tration in a silica-gel and an activated-alumina adsorbent for a 
specific absolute humidity range, at various isotherms (constant- 
temperature lines). 

Bateman [4] conducted experiments on adsorption driers con- 
sidering various values of the three fundamental parameters; 
inlet humidity, grain size, and contact time. Five conclusions 
were made from these tests: 


1 The maximum temperature rise in the drying unit is re- 
markably independent of grain size, depth of adsorbent layer, and 
contact time. It can be expressed by 


where 
const = 30 deg C X 10? per g/g for silica gei 
const = 34 deg C X 10? per g/g for activated alumina 
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Fig. 3 Adsorption isotherms for silica gel and activated alumina, 
reference [1] 


2 The useful concentration decreases with increasing inlet 
humidity, which is contrary to expectations. 

3 The useful concentration is not proportional to the product 
of depth and constant contact time, but increases much more 
sharply with an increase in depth. 

4 The grain size also influences dynamic adsorption efficiency. 

5 There is comparatively little difference between the per- 
formance of the adsorbents tested (silica gel and activated 
alumina), especially if the depths are adjusted to give equal pres- 
sure losses. 


A more recent study by Gruenwald [5] agrees with all except 
Bateman’s fifth conclusion. His experiments, which were con- 
ducted for the Naval Ordnance Laboratory 40-cm by 40-cm 
wind tunnel, indicates that silica gel is superior to alumina and 
Sova bead (a product of the Socony Vacuum Oil Company of 
New York). 

Procedure for the design of a silica-gel drying plant is outlined 
for practical application in literature on silica gel published by 
the Davidson Chemical Corporation of Baltimore, Md. A design 
of a full-flow drier (charging drier), expressed in terms of wind- 
tunnel characteristics, has been outlined by Smolderen.? Fig. 4 
shows the results of the dynamic adsorption of water vapor from 
air containing 5 grains and 10 grains per cu ft (50 and 100 per cent 
saturation, respectively ) at a rate of flow of 0.8 cfm per lb of silica 
gel at 77 F (25 C) under isothermal conditions. 

Wind-tunnel running times or number of runs between suc- 
cessive reactivation periods are important factors of desiccant 
reactivation. By installing two or more driers, interruption of 
tunnel operation can be avoided. However, it may be a costly 
operation in terms of heating power, if the amount of time 
allowed for reactivating the drier(s) not being used is small. 


Drying-System Selection 


The designers selection of a particular system will depend 
principally upon the comparative evaluation of the following 
factors: (a) Desired performance; (b) adaptability; (c) reactiva- 
tion required; (d) initial cost; (e) operating cost. 

It is important that all of these factors be considered in a com- 
parative sense. Therefore the following discussion is intended to 
serve as a guide for this purpose. 


2 Reference [1], p. 38. 
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(a) Desired Performance. It is, of course, necessary for the drying 
system to meet certain stipulated requirements. For instance, a 
supersonic wind tunnel requires its drying unit to perform two 
design functions: (i) The tunnel or upstream reservoir must be 
filled with sufficiently dry air. (ii) The humidity must be kept 
low during tunnel operation. (Intermittent wind tunnels are 
exceptions and only require the performance of the first function. ) 
Therefore it should be determined if stipulated requirements are 
realized and which drying system performs more efficiently. 

(b) Adaptability. This factor is self-explanatory and will depend 
upon the particular application characteristics of a drying system 
in relation to the wind tunnel under consideration. For example, 
a dusting effect (erosion of an adsorbent which results in flaking) 
may not be acceptable for a specific installation. 

(c) Reactivation Requirements. Air-drier systems discussed herein 
all require reactivation of one type or another. The ease with 
which this is accomplished determines the criterion for com- 
parison. For example, physical adsorbers can be regenerated 
simply by heating and therefore are very popular. Also, cooling 
and compression-type systems may be regenerated by allowing 
the water vapor condensed on the walls to flow out of the drier 
continuously. 

Regeneration becomes more complicated when ice forms on 
coil walls. In this situation, it may be necessary to melt the ice 
and allow the condensate to run off, creating undesirable re- 
quirements. 

(d) Initial Cost. Although, the foregoing discussion of influencing 
factors is important, it may be necessary at times to alter (when 
possible) their results in order to justify system selection from an 
initial-cost standpoint. Therefore it is important that the initial- 
cost analysis should be made with performance, adaptability, 
and reactivation in mind. 

(e) Operating Cost. The operating cost of an air-drying system 
will be the cost of maintaining system operation. This, of course, 
will include the cost of regeneration. Again, as in the case of 
initial cost, it is necessary to consider all influencing factors of 
selection in this comparative analysis. 


Summary 


Design of an air-drying system for supersonic wind tunnels is an 
essential and critical part of the over-all tunnel design. The fore- 
going is a summary type discussion intended to provide criteria 
for air-drying-system design. The information and conclusions 
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Fig. 4 Dynamic adsorption of water vapor under isothermal conditions 
at 25 per cent c (77 F). Air flow rate of 0.8 cfm per lb silica gel, reference 
[7]. 
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are based on the research and experimentation conducted on this 
subject (see list of references). The various types of air-drying 
systems were examined in terms of their characteristics, per- 
formance, and application; and the method of selection evaluated 
in terms of desired performance, adaptability, required reactiva- 
tion, initial and operating cost. 
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